BULLETIN OF THE
INSTITUTE OF MATHEMATICS
ACADEMIA SINICA

Volume 25, Number 2, June 1997

THE EQUITABLE A-COLOURING CONJECTURE
HOLDS FOR OUTERPLANAR GRAPHS

BY

HIAN POH YAP (ZEZ1#) AND YI ZHANG (ZE#])

Abstract. In this note we prove that the Equitable A-
Colouring Conjecture holds for outerplanar graphs.

1. Introduction. The graphs we consider are finite, simple and undi-
rected. Let G be a graph. We use V(G), E(G) and A(G) to denote re-
spectively the vertex set, edge set and maximum (vertex) degree of G. If
{v1,v2,...,v.} € V(G), then the subgraph of G induced by {vy,vs,...,v,}
is denoted by Glv1,v2,...,v,]. We write zy € E(G) if the two vertices z
and y of G are adjacent in G and we use dg(v) or simply d(v) to denote the
degree of vin G. For U C V(G) and v € V(G)\U, we use dg(v,U) to denote
the number of edges joining v to U in G. The star of size n is denoted by
Sn. The complete bipartite graph with bipartition (X,Y), where | X| = m
and |Y| = n, is denoted by K, ». |

Two graphs G and H are said to be disjoint if they have no vertex in
common. The union G U H of two disjoint graphs G and H is the graph
having vertex set V(G) UV (H) and edge set E(G)U E(H). A planar graph
G is outerplanar if it can be drawn on a plane in such a way that G has no

crossing and that all its vertices lie on the boundary of the same face.

We call a (propevr) vertex-colouring ¢ of a graph G an equitable colour-

ing of G if the number of vertices in any two colour classes differ by at most
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one. If ¢ is an equitable colouring of G using k colours, then we say that
¢ is an equitable k-colouring of G. The least integer k& for which G has
an equitable k-colouring is defined to be the equitable chromatic number
of G and is denoted by x.(G). The least integer k¥ for which G has an
equitable k'-colouring of G for every k' > k is denoted by x*(G). A parti-
tion (V1,V3,..., V&) of V(G) is called an independence-partition of V(G) if
each V; is independent in G (i‘.e.k no two vertices of V; are adjacent in G).
Clearly if (V1,V3,...,Vi) is an equitable independence-partition of V(G),
then x.(G) < k.

Hajnal and Szemerédi [1] proved the following theorem.

Theorem 1. (Hajnal and Szemeréds [1]) Any graph G has an equitable
k-colouring for any k > A(G) + 1.

Meyer [3] proved that any tree T has an equitable ([A(T)/2] + 1)-

colouring and he made the following conjecture:

The Equitable Colouring Conjecture (ECCV): For any connected
graph G, except the complete graph and the odd cycle, x.(G) < A(G).

(B. Toft ([4)] has compiled a long list of open problems on colourings
of graphs. The ECC is one of the most interesting open problems listed in
[4.)

In [2], Chen, Lih and Wu proved that if G is a connected graph having
A(G) > J%[ and G is not the complete graph, or the odd cycle, or the
complete bipartite graph Kjm+1,2m+1, then G has an equitable A-colouring.
(H. P. Yap (1994, unpublished) had independently proved a slightly stronger
result that if G is a connected graph of order n having A(G) > 2 and
G is neither the complete graph nor the complete bipartite graph, then
X*(G) < n —d/(G) < A(G), where o/(G) is the edge independence number
of G. However, a close examination of the proof of Theorem 2 given in [2]
reveals that Chen, Lih and Wu had actually obtained the same stronger
result.) Based on this result, Chen, Lih and Wu put forth the following

conjecture:
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The Equitable A-Colouring Conjecture: Let G be a connected
graph having maximum degree A. Suppose G is not the complete graph, or
the odd cycle, or the complete bipartite graph Komt1,9m+1- Then G has an
equitable A-colouring.

Note that if a graph satisfies the Equitable A-Colouring Conjecture,
then it also satisfies the ECC. Hence the Equitable A-Colouring Conjecture
is stronger than the ECC.

In [5], Yap and Zhang proved that if G is a graph of order n having
3+1<A(G) <%, then x*(G) < r+s+t< A(G) for some parameters r, s
and ¢ of G. Thus the Equitable A-Colouring conjecture is true for graphs
G of order n having A(G) > 2 + 1.

In this note we prove that outerplanar graphs satisfy the Equitable

A-Colouring Conjecture.
2. Proof of the theorem. We first prove the following lemma.

Lemma 1. Let G be the union of disjoint graphs G1,Go, ..., and Gy. If
G; has an equitable k-colouring for all i = 1,...,t, then G has an equitable

k-colouring.

Proof. To prove this lemma, we only need to prove that G; U G5 has
an equitable k-colouring. Let (V1,V5,...,V,) be an equitable independence-
partition of V(G1) and (V{,V4,...,V/) be an equitable independence-par-
tition of V(G3). Without loss of generality, we assume that Wil < W) <
. < [Viland |[V{| < V3| < ... < |V/|. Then ViUV, VaUV 4, ..., Vi UVY)
forms an an equitable independence-partition of V(G1) UV(G:). Hence G
has an equitable k-colouring.

The proof of Lemma 1 is complete.

Before we prove our theorem, let us make a remark. We shall embed
an outerplanar graph G in a plane P in such a way that. all its vertices
V1,2, ..,V lie on the circumference of a cycle C in the clockwise direction

and all its edges lie inside C without any crossing. Thus, if G is 2-connected,



146 HIAN POH YAP AND YI ZHANG _ [June

then v1v9v3 . . . Vn_1v,v; forms a Hamilton cycle of G. Also if the connectiv-
ity of G is 1, then in the proof of the theorem, we can also imagine that G
has an edge joining v; to v;41 for all i = 1,...,n, so that we can use Jordan’s
theorem to ensure that G has no edges v;v; and viv, where ¢ < k < j <.
In other words, once the embedding is fixed, then G cannot have two edges
v;v; and vpv; where ¢ < k£ < j < l. For instance, we will assume that
the outerplanar graph H given in Figure 1 has no edge joining vy and vy,

although H + v7vy is still outerplanar.

v n1
V2 V2
Vg g
U3 ' U3
Vg O Vg
V4 Uy
V7 Ve v7 v
Vs ° Vg 5
H H + vyvug
Figure 1.

" Theorem 2. Let G be a connected outerplanar graph having mazimum

degree A > 3, then G has an equitable A-colouring.

Proof. We will prove this theorem by induction on n = |G|. Let G
be a connected outerplanar graph of order n > 4. Let A = A(G) and
n=mA+r, where 0 <r<A-1.

We now embed G in a plane P so that all its vertices vy, vs,...,v, lie
on the boundary of the exterior face in the clockwise direction in such a way
that G' cannot have two edges v;v; and vgv; where i < k < j <.

Suppose that n # mA + 1. We first prove that v;v;a4; ¢ E(G) for any
i,j > 1. Suppose that v;vjat; € E(G) for some i,j > 1. Without loss of

generality, we consider the case that ¢ = 1.

Let X = {vl7v2)" . )'UjA}a Y = {vjA+1avjA+2a"' 7’Un}, Gl = G[’Ul,'Uz,



1997] THE EQUITABLE A-COLOURING CONJECTURE 147

...,va]l and G; = Glvja+1,Yjat2,---,Upn). Since n # mA + 1, we have
[V(Ga)| > 2. '

Clearly G and G, are outerplanar graphs. Suppose that G; (or G3) is
not connected. We consider a connected component G’ of Gy. If A(G’ )=
A, then by the induction hypothesis (the star Sa is a connected graph of
least order and having maximum degree A, which can be equitably coloured
with A colours), G’ has an equitable A-colouring. On the other hand, if
A(G') < A, then by Theorem 1, G’ also has an equitable A-colouring.
Hence, by Lemma 1, both G; and G5 can be equitably coloured with A
colours 1,2,...,A.

Let ¢; be an equitable A-colouring of G; for i = 1,2. Let V4, Vo,...,Va
be the colour classes of ¢, (if v € V;, then ¢1(v) = i) and V{, VJ, ..., VA be
the colour classes of ¢ ( if v € V/, then ¢o(v) =1).

Since | X|'=jA and [Y]| = (m — j)A +r, we have |V;| =j and m — j <
V/|<m-—j+1 foralli=1,2,...,A. Since v1Y5a+1 € E(G), we know
that the only edges joining G, and G, are the edges joining v; to Y and
those joining vja+1 to X. Let v; € V4 and vja+1 € VA. We now consider
two cases separately.

Case 1. dg,(v1) > 1.
From dg,(v1) > 1, it follows that d(v;,Y) < A — 1. Thus v; is not

adjacent to any vertex of a colour class of ¢5. By permutation of colours,
if necessary, we assume that this colour class is V{. If dg,(via+1) > 1,
then similarly, vja+1 is not adjacent to any vertex of a colour class, say
Va, of ¢1. Thus we can combine ¢; and ¢, to obtain an equitable A-
colouring of G. On the other hand, suppose that dg,(vja+1) = 0 and
d(vja+1) = A (if d(vjas1) < A, then the above argument applies also).
Since G is connected, d(v1, {v;a+2,VjA+3,---,Un}) > 1 and as before we can
combine an equitable A-coloﬁring of G[vg,vs,...,v;a+1] and an equitable A-
colouring of G[vja42,VjA+3,--.,Vn,v1] to obtain an equitable A-colouring

of G.
Case 2. dg,(v1) = 0.
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Since G is connected, we now have d(v;a+1-{v2,vs,...,v;a}) = 1. In
this case, as before, we can combine an equitable A-colouring of Glvs, ...,
vja+1) and an equitable A-colouring of G[vja42,VjA+3,---,n, 1] to obtain
an equiitable A-colouring of G. Hence v;vja4: ¢ E(G) for any 4,5 > 1.

Finally, we construct an equitable A-colouring of G having colour

classes V4, V5,...,Va as follows:
i = {’Ul,’UA+1,. . 7va+1}a' . 1‘/7' = {'U'ra'vA+r,"' 7'UmA+'r}7
Vtr+1 - {Ur+17vA+r+17~ .- 7U(m-—-1)A+'r+1}a' . ,VA = {UA)' . ava}-

Thus G has an equitable A-colouring.

Suppose that n = mA+1. If G has a 2-connected block H, then H has
at least two vertices of degree 2 (this is a well-know result on 2-connected
outerplanar graphs). Thus G has at least one vertex z of degree 2. Hence we
can perform the induction on G —z because each colour class of an equitable
A-colouring of G — z has exactly m vertices and because A > 3. Otherwise
G has a pendant vertex y and we can also perform the induction on G — y.

The proof of Theorem 2 is complete.

The following theorem follows immediately from Theorem 2 and Le-

mma 1.

" Theorem 3. Let G be an outerplanar graph having mazimum degree

A. Then G has an equitable A-colouring.

To end this note we pose the following open problem. If the answer to

this problem is affirmative, then it generalizes Meyer’s result on trees.

Open Problem. Is it true that if G is an outerplanar graph having
maximum degree A > 3, then x*(G) < [§] + 17
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