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Abstract. Let R be a semiprime ring with extended cen-
troid C and U the right Utumi quotient ring of R.

(I) Let p be a right ideal of R and f : p — U be an additive
mapping such that [f(z),z] = 0 for all z € p. Then there exist
X € Cand(¢:p— Csuch that f(z) = Az + ¢(z) for all = € p
provided that one of the following holds

(a) R is a prime ring with {p, p]p # 0;
(b) the left annihilator of p in R is zero.

(I1) Let R be a prime ring and L a noncentral Lie ideal of
R. Suppose that f : L — U is an additive mapping such that
[f(z),z] € Cforall z € L. Then thereexist A€ Cand ¢: L — C
such that f(z) = Xz + ((z) for all z € L unless charR = 2 and
dimc RC = 4.

As a corollary to (II), the only ring homomorphisms of R

centralizing on a noncentral Lie ideal are also characterized.

Recall that a mapping f of a ring R into itself is said to be commuting
on a subset S of Rif [f(x),z] = 0 for all z € S. The study of such mappings
was initiated by a paper of Posner. In [17] Posner proved that if a prime ring
R has a nonzero derivation commuting on R, then R must be commutative.
Over the last twenty years, many related results have been published (for
instance, see [2]-[9] and [11]-[16]). In [4] BreSar obtained a characterization
of additive mappings commuting on prime rings and then he extended the

result to the semiprime case. More precisely, in [6] Bresar proved the result:
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Let R be a semiprime ring with extended centroid C, and let f : R — R
be a commuting additive mapping. Then there exist A € C and an additive
mapping ¢ : R — C such that f(z) = Az + ((z) for all z € R. The purpose
of this paper is to give the one-sided version of BreSar's and to give its Lie
ideal case.

Throughout this paper let R be always a semiprime ring with extended
centroid C, and let U be the right Utumi quotient ring (i.e., the maximal
right quotient ring) of R. For a subset S of R, denote by {gr(S) = {z €
R|zS = 0}, the left annihilator of S in R. Also, 7g(S) is defined similarly.
We note that ¢z(S) = rr(S) if S is an ideal of R. For any subsets A, B of
U, [A, B] denotes the additive subgroup of U generated by all elements of
the form [a,b] = ab —ba with a € A and b € B. The first main result of this

paper is then to prove the following theorem.

Theorem 1. Let R be a semiprime ring and let p be a right ideal of R.
Suppose that f : p — U is a commauting additive mapping, i.e., [f(z),z] =0
for all x € p. Then there exist A € C and an idempotent e € C' such that

elp,plp =0 and [f(z) — Az, (1 —e)p] = 0 for all z € p.

To prove Theorem 1 we need a result about biderivation. Let p be a
right ideal of R.- An additive mapping d : p — U is said to be a derivation
of p into U if d(zy) = d(z)y + zd(y) for all z,y € p. A biadditive mapping
B : px p — U is called a biderivation if for every x € p the mapping
y — B(z,y) is a derivation of p into U, and for every y € p the mapping
2 +— B(z,y) is a derivation of p into U. The following lemma has the same

proof as that of [5, Lemma 3.1].

Lemma 1. Let p be a right ideal of R and B : px p — U be a

biderivation. Then
B(z,y)z[u,v] = [z,y]zB(u,v) for all =z,y,z,u,v € p.

Proof of Theorem 1.



1996] COMMUTING ADDITIVE MAPPINGS IN SEMIPRIME RINGS 261

Linearizing [f(z),z] = 0 gives [f(z),y] = [z, f(y)] for all z,y € p.
Define the mapping B : p x p — U by B(z,y) = [f(z),y] for all z,y € p.

Then B is a biderivation. By Lemma 1 we get

(1) B(z,y)z[u, v] = [z, y]2B(u,v)

for all z,y,z,u,v € p. Since p is a right ideal of R, we have
(2) B(z,y)ztlu, v|lw = [z,y]2tB(u, v)w

for all z,y,2z,u,v,w € p, all t € R. By Beidar’s result [1, Theorem 2] R and
U satisfy the same generalized polynomial identities with coefficients in U.
Therefore (2) holds for all ¢ € U. Note that U is a semiprime ring and the
right Utumi quotient ring of U coincides with itself. By [6, Theorem 3.1]
there exist idempotents €1, €2,€3 € C and an invertible element § € C such

that €;e; =0 for ¢ # j,e1 + €2+ €3 =1, and
(3) elB(x7y)Z = Elﬂ[x7 y]za 52[x7 y]z = Oa EZ?rB(:I"7 y)Z =0

for all z,y,2z € p. Since B(z,y) = [f(z),y], by (3) we have [e;f(z) —
e18z,plp=0forall z € p. Let g : p — U be defined by g(z) = €, f(z) — €1 Bz
for all x € p. Note that g is also a commuting additive mapping. Set
D :pxp— U to be defined by

D(z,y) = [g(x),y] = [z,9(y)] forall =z,y€p.

Then D is also a biderivation satisfying D{z,y)p = 0 for all z,y € p. Ap-
plying Lemma 1 again we get [p, plpD(u,v) = 0 for all u,v € p. That

is,

(4) [, plplerf(z) —e1fz,p] =0 forall z€p.

On the other hand, applying Lemma 1 to €3 B(z,y) and taking into account

e3B(z,y)z = 0 in (3) we get

(5) [p; plplesf(z),p] =0 forall z € p.
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It follows from (3) that e2[p, p]p = 0. In particular, we have

(6) [0, plplea f(z),p] =0 forall ze€p.

Now combining (4), (5) and (6) and using the fact that €; +e2+e3 = 1 we get
that [p, plp[f(z) — €18z, p] = 0 for all z € p. By Beidar’s theorem [1] again,
(Ulp, plpU)[f(z)—€1Bz, p) = 0 for all z € p. Since Ulp, p]pU is an ideal of the
semiprime ring U, there exists an idempotent e € C such that (1—e)z = x for
all z € Ulp, p]pU and (1—e)y = 0 for all y € Ly (Up, plpU) = ru(Ulp, p]pU).
That is, e[p,p]p = 0 and [f(z) — Az,(1 —¢e)p] = 0 for all z € p where
A = e f € C, since [f(z) — e18z,p] C ru(Ulp, p]pU) for all x € p. This

finishes the proof of Theorem 1.

For the prime case we have a generalization of Bresar’s result [4, The-

orem 3.2}.

Theorem 2. Let R be a prime ring and let p be a right ideal of R.
Suppose that f : p — U is a commuting additive mapping. Then either
[p,plp = 0 or there exist A € C and an additive mapping ¢ : p — C such
that f(z) = Az + ((z) for all x € p.

Proof. By Theorem 1, there exist A € C and an idempotent ¢ € C such

that
elp,plp=0 and [f(z)—Az,(1—e)p]=0 forall z€p.

It is well-known that C is a field since R is a prime ring. Therefore the only
idempotents in C are 0 and 1. If e = 1, then [p, p]p = 0 as desired. If e =0,
then [f(z)—Az, p] = 0 for all z € p. By Beidar’s theorem, [f(z)—Az, pU] =0
for all 2 € p. We may assume that p # 0. Now U itsclf is a prime ring by
the primeness of R. Therefore pU is a nonzero right idcal of U and hence
f(z) — Az € Cfor all z € p. Let ¢ : p — C be defined by ((z) = f(z) — Az
for all € p. Then ( is clearly an additive mapping and f(z) = Az + ((2)

for all z € p. This completes the proof.
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We remark that in Theorem 2 there indeed exists a commuting additive
mapping f : p — U such that [p,p]p = 0 but f does not take the form
Az + ((z).

Example. Let R = M,(F) be the ring of all n X n matrices over a
field F', where n > 4. As usual, denote by e;; the matrix units, 1 < 4,5 < n.
Let p = ey R and let f : p — R be the linear mapping over F' defined by
flenr) = e, f(e12) = era+eaq, f(e13) = e13—eaq and f(ey;) = ey if j > 4.
Then it is easy to check that [f(z),z] = 0 for all z € p. Also, f cannot take
the form Az + ((x). Of course, in this example [p, p]p = 0.

Remark. In a recent paper [7], Bresar obtained the same result by
assumi-ng f:p— RI7, Theorem 5.2 (i1)]. He also gave a characterization of
a prime ring with a nonzero right ideal p satisfying [p, p]p = 0. In [7, Lemma
5.1], it is shown that [p, p]p = 0 if and only if RC is a strongly primitive

ring with minimal right ideal pC and with associated division ring C.

The next result is a characterization of a commuting additive mapping
[+ p — U with {r(p) = 0. This is a generalization of Bregar’s result [6,
Corollary 4.2].

Theorem 3. Let R be a semiprime-ring and p a right ideal of R such
that Lp(p) = 0. Suppose that f : p — U is a commuting additive mapping.
Then there exist A € C and an additive mapping ¢ : p — C such that
flz) = Az + {(z) for all z € p.

To prove Theorem 3 we need the following easy lemma.

Lemma 2. Let R be semiprime ring and p a right ideal of R such that
lr(p) =0. Let a € U be such that [a,p] =0. Then a € C.

Proof. Let x € p and v € R. By assumption, [a,zr] = 0 since zr €
p. Thus zla,r] = 0. That is, pla, R] = 0. By the definition of U there
exists a dense right ideal I of R such that af C R. Then [a,I]] C R and
(la, IlIp)?> = 0. Therefore by the semiprimeness of R we have [a,I]Ip = 0
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and hence [a, ]I = 0 since [a,I]] C fgr(p) =0. So [a,I] = 0. Let y € U.
Take a dense right ideal J of R such that yJ € I and J C I. Then
la,yJ] = 0 and [a, J] = 0. Therefore [a,y]J = 0 and hence [a,y] = 0. That

is, [a,U] = 0, i.e., a € C as desired.

Proof of Theorem 3. ,
By Theorem 1 there exist A € C and an idempotent e € C such that

elp,plp =0 and [f(z) — Az,(1 —e)pl =0 forall = €p.

Since £p(p) = 0, by Lemma 2 we have (1 — e)(f(z) — Az) € C for all z € p.
Also, by e € C there exists an essential ideal I of R such that Ie C IR
Then Ie[p, p] C Lr(p) = 0. Therefore Ie[p, p] = 0, which implies ¢[p, p] = 0.
By Lemma 2 again, [ep,U] = 0 and so [p,eU] = 0 which implies eU C C.
Now, f(z) — Az = (1 —e)(f(z) — Az) + e(f(z) — Az) € C for all z € p. Set
¢ : p— C to be defined by ¢(z) = f(z) — Az for all z € p. Then ¢ is an
additive mapping such that f(z) = Az +((z) for all z € p. This finishes the

proof of Thoerem 3.

Finally we handle the Lie ideal case. Let A be an additive subgroup of
R.*Recall that an additive mapping f of A into U is called centralizing if
[f(z),z] € C for all x € A.

Theorem 4. Let R be a prime ring and let L be a noncentral Lie ideal
of R. If f : L — U is a centralizing mapping, then there exist A € C and an
additive mapping  : L — C such that f(z) = Az + () for all x € L except
when charR = 2 and dimgRC = 4.

Proof. Suppose that charR # 2 or dim¢RC # 4. Set I = R[L, LR and
J = U[L,L]JU. Then by [10, Theorem 4] we have [L,L] # 0. So I and J
are nonzero. The key step to the proof is implicit in the proof of [5, Lemma

6.3]. Let a,z € L. Note that [f(u),v] + [f(v),u] € C for all w,v € L. Then
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C 3 [f([z,al), [z, q]]
= [[f([z,a]), 2], a] + [, [f ([, a]), a]]

= [[lz,d, f(@)], o] + [z, [[z, a], £ (a)]
= [z, o, /(@)]), o] + [z, [[z, o], f(a)]]
= [[=,[(a), z]], a] + [z, [[z, a], f(a)]
2], a

2], al

= [[=,al, [f(a), z]] + [=, [[f( yall + [z, [[z, a], f(a)]]
= [[z,a],[f(a), z]] + [z, [[f(a), 2], a]] + [z, [[z, f(a)], a]]
= [[:17, al, [f( ) ”

Since it is well-known that [/, R] C L, by the above we have
(7) lla,y],[f(a),y]] € C forall ye€ll,R].

By Beidar’s theorem [1] again we obtain that (7) holds for all y € [J,U].
However, [J,U] is a noncentral Lie ideal of the prime ring U. Applying [12,
Theorem 4] to (7) yields that either a € C of f(a) — A.a € C where A\, € C

depends on a.

Since L is not central, we can take a fixed element uw € L\ C. Let
v € L. Suppose that [u,v] ¢ C. In particular, v ¢ C. It follows from the
fact that [f(u),v] + [f(v),u] € C that (A, — A,)[u,v] € C. Since [u,v] ¢ C,
Ay = A, follows. In other words, for any v € L we have either [u,v] € C or
f(v) = Ayv € C. Hence the additive group L is the union of its two additive
subgroups {v € L|[u,v] € C] and {v € L| f(v) — A,v € C}. This implies
that either [u,L] C C or f(v) — A v € C for all v € L. But the first case
implies u € C, a contradiction, we have f(v) — A\,v € C for all v € L. Set
A=Ay and ¢ : L — C is defined by ({v) = f(v) — Av for all v € L. This
finishes the proof of Theorem 4.

We conclude this paper with two applications to Theorem 4. In [16]

Mayne proved the following result.

Theorem M. If R is a prime ring of characteristic not equal to two

and T is an automorphism of R which is centralizing and nontrivial on a
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Lie ideal L of R, then L is contained in the center of R.
In the following theorem we extend Theorem M to its full generality.

Theorem 5. Let R be a prime ring and let L be a noncentral Lie
ideal R. If T is a homomorphism of R which is centralizing on L, then

either T(L) C Z(R), the center of R, or T is the identity mapping unless
charR = 2 and dimgRC = 4.

Proof. By assumption, [T(z),z] € Z(R) for all z € L. It follows from
Theorem 4 that there exist A € C and an additive mapping ( : L — C
such that T(x) = Az + ((z) for all z € L. For u,v € L, we have [u,v] € L
and hence T([u,v]) = Alw,v] + ¢([u,v]). On the other hand, T([u,v]) =
[T(u), T(v)] = [Au, ] = A2[u,v]. Therefore, (A2 — A)[u,v] € C. That is,
(A2 — N)|L, L] C C. Suppose that either charR # 2 or dimgRC # 4. Then
[L,L] € C by [10, Theorem 4]. Therefore, A2 = X, i.e., A=0 or 1.

If A =0 then T(L) C Z(R) as desired. So we may assume A = 1. That

is, T(u) —u € Z(R) for all w € L. For u € L and z € R we have [u,z] € L
and hence

[u7T($)] = [T(u),T("E)] = T([“’? .’E]) = [u’x] + (([u’x])

Therefore [T'(z) — z,u] € Z(R) for all u € L, which implies T(z) —z € Z(R)
for all z € R. For z,y € R we have

T(zy) —zy = T(2)T(y) — 2y = (T(z) — 2)T(y) + =(T(y) —y) € Z(R).

Expanding 0 = [T'(y), T(zy)—zy] and using the above we yield [T'(y), z](T (y)
—y) = 0. That is, [T(y),R] (T(y) —y) = 0 for all y € R. Since the right
annihilator of [T'(y), R] in R is zero if T'(y) ¢ Z(R), this implies that for
any y € R either T(y) =y or T(y) € Z(R). Using the same argument given
in the proof of Theorem 4 we have that either T is the identity mapping or
T(R) C Z(R). Now the proof is complete.

The final application is to present an easy argument to prove a known
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result, obtained by Lee and Lee [13] if charR # 2 and by Lanski [11] if
charR = 2.

Theorem 6. Let R be a prime ring, L a Lie ideal of R and d a nonzero
derivation of R. If [d(u),u] € Z(R), the center of R, for all u € L, then
L C Z(R) unless charR = 2 and dimcRC = 4.

Proof. Suppose that either charR # 2 or dimg RC # 4. By assumption,
[d(u),u] € Z(R) for all u € L. Suppose on the contrary that L Z Z(R).
It follows from Theorem 4 that there exist A € C and an additive mapping
¢+ L — C such that d(u) = Au + ((u) for all w € L. For u,v € L
we have d([u,v]) = A[u,v] + (([u,v]) and on the other hand, d([u,v]) =
[d(u),v] + [u, d(v)] = 2A[u,v]. Thus Afu,v] € Z(R), that is, AL,L] C Z(R).
Note that [L,L] € Z(R). Therefore, A = 0 follows. So d(L) C Z(R), which
is a contradiction by [3, Lemma 6] if charR # 2 and by [9, Lemma 2] if
charR = 2. This finishes the proof.
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