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1. Inireduction. In [1] the authors give the following
decomposition conjecture.

CoONJECTURE. Let G be a graph with (”g 1) edges.. Ther the
edge set of G can be partitioned into n sels gemerating graphs
G, Gor -y, Gn such that (E(G:)| =i (for i=1, 2,---, n) aend G
is isomorphic 16 a subgraph of Giw for i=1,2,---, — 1.

- A graph G which can be decomposed as described in the
conjecture will be said to have an asceding subgraph decmposition
(abbreviate ASD). The graphs Gy, Gs,-- -, G, are said to members
of such a decomposition. k ‘

I“'l [1, 2], the conjecture has been verified for the graphs which

are star forest Also in [2], they prove that if G is a graph of

maximum degree d on ,(” '2*— I / edges and » = 4d4° + 6d + 3, then

G has an ASD with each member a matching., The second result
has been improved by Fu in [3] Whlch shows, if G is a graph of

maximum degree d< [(n—l)/Z] on (”51) edges, then G has
an ASD with each member a matching. Moreover, in [3] the
author prove that every graph of maximum degree d <[(=+ 1)/2]
has an ASD, and subsequently every recuiar graph of degree a
prime power has an ASD.

In this paper, we apply the idea on the decomp031t1on of the
set {1, 2,---, #} into subsets with prescribed sum to venfy the

conjecture for some classes of graphs.
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2. Main results. Let N be the set {1, 2,---, 2}, and A4y, 4s,---,
A, be mutually disjoint subsets of N such that Uk, 4; =N. Let
s(A;) be the sum of all elements in A4;. We will say that N can
be decomposed into subsets of type {si, Ss.---, sy if there exists a
collection of mutually disjoint subsets of N, Ai, As,--+, As such
that their union is N and s(4:;) =s;, i=1, 2,---, k. QObviously,
2iarsi = (”—2!_ 1)

In [3], the above idea has been applied to show that a graph
of maximum degree d<[(%—1)/2] on (nle- 1) edges has an
ASD. But the idea on the decomposition of N into subsets with
prescribed sum is still not well developed. In what follows, we
are going to list some of the results obtained.

- Lemma 2.1. [4] N can be decomposed into subsets of iype
m, m, -, my (k-tuple) where m=>un and km= % n(z + 1).

Proof. The proof is by induction on #. Assume it’s true for
the case #’ <#. Now we consider the relationship between # and
7 (i) m>2n. We can pair off the elements in {#z—2&+ 1,
w—2k+2,---, w} into %k pairs, each summing to 2% — 2k + 1. Let
m =m— 2 —2k+1)=m—2n+2—1. It is not difficult to
check m' ># —2k=#xn'. By induction, we can decompose the
set {1, 2,---, #— 2k} into subsets of type <m—2um-+2k—1,
m—2n+2k—1,---, m—2n + 2k — 1> (k-tuple). Hence, we can
decompose the set N into subsets of type <{me, #,---, m) (k-tuple).
(ii) m<2% and = is odd. In this case, we can pair off the

elements in {m—n, m—n+1,---, #} into 2w —m + 1)/2 pairs
each summing to m. Since m —# — 1<#, by induction {1, 2,---,
m —n — 1} can be decomposed into subsets of type {ms, ms,---, m)

(B — (2% — m + 1)/2-tuple). We conclude this case. (iii) 7 < 2%
and m is even. Let m=2f. We can pair off the elements in
{me—n,m—n+1,---,¢2—-1, ¢+ 1,---, n} into (2 — m)/2 pairs,
each summing to m. By induction, the set {1, 2---, m — 2 — 1}
can be decompoed into subsets of type <&, ¢,---, 2> ((m—2n
+ 2k — 1)-tuple). Since m — 2% + 2k — 1 is odd, we can pair off
two parts to obtain the sum » = 2¢, and the only part left can be
paired with {¢}. This concludes the proof.
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As you can easily see, Lemma 2.1 is a very special case of a
decomposition of the set N. An obvious necessary condition for
the set N to be decomposed into subsets of type <{me, #2,---, #21)
is my; >n for some ¢ {1, 2,---, k}. The author believes that the
classification of types in which N can be decomposed is a hard
problem, but it seems possible that we can decompose the set N
into subsets of type <me, ms,---, mry provided m; ># for each
ief{l, 2,---, B} and Xi.m; = (”g 1). So far this question is
still unsolved. Recently, D. Hoffman [4] has proved that if
m; =m or # + 1, where m >, then N can be decomposed into
subsets of type {mwi, #es,---, mry. With this proposition we are
able to find some classes of graphs which have an ASD. The idea
is quite simple to obtain. 1If G is a graph with (”'21' 1) edges
which can be partitioned into edge-disjoint paths with the lengths
equal  to #, #es,---, my; respectively, and the set N can be
decomposed into subsets of type <{mwei, m,---, m:). Then we can
find an ASD for G by letting Gy, i=1,2---, 7 be a path of
length ¢ which is obtained from the path of length ms; if i € 4;,
where s(A;) = m; and N= Ui, A:;. Hence, we have the following
theorem.

THEOREM 22. If a graph G on (”'2" 1) edges can be
partitioned into edge disjoint paths with the lemngih of each path
either m or m+ 1, m>n, then G has an ASD with each member
a path. '

THEOREM 2.3. If a graph G o (”'?f 1) edges has a vertex
covering pattern <m, m,---, m+ 1,---, m+ 1>, m=n, then G has

an ASD with each member a stav.
Proof. It is similar to the proof of Theorem 2.2.

We note here, <81, Bs--+, Br> is a vertex covering pattern for
a graph G if we can find a vertex covering {vi, 0s---, 02} such
that there are #; edges incident with the vertex v, i=1, 2,---, &
and each edge is counted only once.
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COROLLARY 2.4. If G = (A, B) is a bipartite graph on
(” "21' 1) “edges and for each v e A, the degree of v is either m

or m+ 1, m>n, then G has an ASD with each membey a star.
Now we are ready to prove the following theorem.

THEOREM 2.5. Ewvery complele bipartite graph on (” '2‘_ 1) edges
has an ASD. - e

‘Proof. Let G= (A, B ) be a complete bipartite graph on
(” g 1) edges with the degrees of vertices in A and B being.
d, e respectively. If d>#n or e 2 'n,; then by Corollary 24, G has
an ASD with beach member a star. The only case left is (2 + 1)/2
<d, e<mn. We consider vi, s+, 0., and let 2 =2 — d. ’Denote

the star induced by the edges which are incident with #; as
S;, i=1,2,---,e. Since e>2+1 and d-(2+1) = (” g 1)
— (261{ %}, {1, 2,---, 2d —n— 1} can be deéomposed into subsets
of type {d, d,-+-, d>((e — 2¢ — 1)-tuple). This implies that the
subgraph of G induced by the union of stars Si, Si,-++, Se—2:—1 has
an ASD, Gy Gs, -y Gaa—ns, where G; is a star with i edges,
i=192---,2d —n—1 Now we can construct an ASD for G by
letting - Gag-ns; be the subgraph obtained by deleting ¢ — 7 edge(s)
from the star Se-zt4i, £=0, L,---, t—1. Let Gs= S,~s, and Gus;
be the graph obtained by adding the j edges deleted from S._zsv:—;
to Se—t+jy j=1,2,--+, 2. Because G is a compléte bipartité graph,
this construction gives an ASD for G. This concludes the proof.

(See Fig. 2.1 for Gs4j.)

Se

-t

One more result is worthy of mention.
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TuHEOREM 2.6. Let G be a graph on ( & *2' 1> edges. If G
can be partitioned inio n edge disjoint subgraphs Gi, i=1, 2,---, %,
such that |E(G))| =i and for eack k< {2, 3,---, n}, there is ai
most one edge of G, which is incident with some vertex of the edge
induced subgraph Uiz} G;, then G has an ASD.

Proof. We prove it by induction. Obviously, it is true 2= 1.
Assume it is true for #==#% i.e. UL:G; has an ASD with its
members i, Hs---, Hy. Since Gii: has kB + 1 edges, let them be
eo, €1, €5, +, €5 Without loss of generrality, let e, be the (possible)
edge which is incident with some vertex of the edge induced
subgraph U, G;. It is not difficult to see that {e}, {ei} U Hi,--,y
{es} U H, forms an ASD for U#ZG;. We conclude the proof.

A bit of reflection, we have the following corollary.

COROLLARY 2.7. If G is a disjoint (vertex and edge) umion of
graphs Gi, Gu,- -+, Gy such that |E(G)| =1, i=1,2,---, n, ther G
has an ASD.

3. Remarks. We have included in this paper some results on
the ascending subgraph decomposition problem, but, the general
problem is far from being solved. We do believe more work could
be done in this direction. Finally, I would like to appreciate the
helpful comments of Professor D.G. Hoffman, P. Frankl and the

referees.
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