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1. 'Introduction. The purpose of this paper is to prove an a
priori estimate on the boundary of small admissible domain along
the line developed by M. Kuranishi [1] [2]. More precisely, let M
be a manifold of real dimension 2 — 1 with a given strongly
bpseudoconvex CR-structure, Let o be a point of M. Suppose that
there exists an admissible distance function ¢ (Definition 2.23) on
M with p, as the reference point. Set

bQ, = {p eM|t(p) = 7}
and '
bQ =bQ, — {p e M| Hp)=7r and b(p) =0},

where b*=3;l0;|2, 0; = ¥;2 and Yi,---, Y., is an orthonormal base
of the given CR-structure with respect to the Levi metric. Hence
bQ); can be viewed as a manifold with induced CR-structure which
is of codimension two. We can thus define the Cauchy-Riemann
operator D, on 8L, Let u be a g-form on 5Q. such that (i) # is
C! on 5Qy,, and (ii) D, u, D u, b ‘# and W;u are in L2, then we
prove

IDs ul® + |Ds wl® > ”—“Lq— > 1 ulp
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* After the author had completed this paper, he was informed that -T. Akahorri ‘had
obtained a similar theorem and used that estimate to prove the local embeddmg of
strongly pseudoconvex CR-structure. :

119



120 SO-CHIN CHEN S []'une

where Wjs are vector fields tangent to the level set of # and
W; = 3. Q;: Wi, provided r is sufficiently small.

We note that this estimate is stronger than the L*-estimate and
we hope that this gain could give us more information to overcome
the difficulty caused by the existence of two characteristic points.
Hence if B; N B; is the intersection of two balls B; and B in C*,
we also wish that this estimate can be used to study the behavior of
the canonical solution of the é-i)roblem around the “corner”, the
intersection of bB; and bB:.

The author would like to thank Prof. J.J. Kohn for suggesting
this problem and helpful conversations during the preparation “of
this paper. ’ '

2. Preliminaries. In this section we will review some
definitions which had been set up by Kuranishi in [1] and [2]. |

Let M be a real smooth manifold of dimension 22 — 1. Denote
by CTM the bundle of complex tangent vectors of M. If E isa
smooth integrable subbundle of CTM, namely, for any X, ¥ € C*E,
[X, Y] € C*E, where C*E denotes the vector space of smooth
sections of E, then we can define the complex of differential
operators D associated with E

@1)  D:C*ME-—C>A™'E, for ¢=0,1,2:",

where 47 E is the vector bundle of g-multilinear alternating functfons
on the ﬁbre\: of CTM. ,D is defined as follows, f}or’ # & C*A* E and
X, -, Xq e C°E, : ‘

Du(Xo,+, X) = 2, (=D X u(Xo, -, Koy Xo)
2.2 1=
*2 + >, (=D u([X, X5, X, X, X, XD,

o<i<ji<ye

where * means that the variable is omitted. On the other hand, for
#w€ A*E and v € 4 E, we have the exterior product # N\ v € A?+ 4,
so that A*E=Y,C*4*E forms an algebra, and the following
formulas hold

(23) unv=(—1)v A u, forany u€ A?E and veE AE,
(2.4) DwAv)=Du) Ao+ (—D2uADo.
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Consider a fixed C* volume element on M, then we can define
L*norm and inner product which will be denoted by | | and .{,>
respectively. Pick a C* hermitian metric on the vector bundle E.
Let Y1,- -+, Y. be a C® orthonormal base of E on an open subset
M;. For the multiindex XK = (&,---, k,), where k,=1,---, m, we
set N ‘ o
(25) ux = Ukyyers by = u( Y, -, qu), for u € C® A1 E|M,.

Hence uK is considered as a C*= function on Ml, and set
(26) el = 3 aaxl®.
x 4!

If Jl#|| and |lo| are finite, define <{u, v> = X x(1/q!)<ux, vx>. Since
ll| is defined independent of the choice of the orthonormal base,
it is not hard to see that they are globally defined.

Next we define the interior product u| g€ C*4?E, for
e C°AE and g € C* A ?E, by duality:
2.7 <ul 8, o> =<u, 8 N,
for all veC?42°?E Then it follows that for v € 42 E and
g € A* E, we have '
(2.8) (WAL Bi= @LAOAu+ (=D A (ulp).

Let e1,---, e, be the orthonormal base of A'E = E* dual
to Yiy,---, Yw, and ge Hom (L'E, A4A'E). We define [g],
€ Hom(4E, A*E) by : S
(2.9) [olou = (gex) A (ul ep).

Clearly this definition is independent of the choice of the
orthonormal base. Denote by 9*([g]1;) the adjoint of ¢g([gl,
respectively), then we have T o

(2.10) : Lol = [o*1..

Hence for simplicity we write

ou = [gl, «, for ue AMME.
Then the following holds

(211 . . gloANu) =(gv).Nu+v A gu,
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212y . o glulo)=(gu) Lo—ul g*v,

213y (du=qu for ue M'E, |

soyher.e id means the identity map. Define 74 € Hom'(./_l1 E, A E),
k=1,--, mby

214 r(k) e = Z 7rj1 €5, where [Yg, Y:] = Z Vit Y1,

For a hnear map G of the vector space of complex C°° functions
on M, into itself, we let G operate on C* A7 E|M,, by

(2.15) - (Gu)x = Gux.

The operation depends on the choice of Yi,---, Yu Then we

have
© PROPOSITION 2.16. . For u  C* A? E\M;, we have

(2.17) Du = Z er \NYru — %ek N re u,
k.

218) - D*u=3 Yiule) — Lrin(ulen,
F3
where D* is the »formal adjoint of D defined by duality.

Proof. See [1].

. From now on we will assume that E N E= {0}, and the
CR-structure defined by E is strongly pseudoconvex. That is, pick
a fixed real vector field S such that

(2.19) . CTM =EQE®CS,
and the hérmitiah_fqrm on E given by the matrix C;
(2.20) [X, Y] =iC«(X, Y)S, mod(E + E)

is positive definite if we choose the suitable S. The hermitian
form is called the Levi form of E. Since the matrix of the Levi
form is positive definite, it defines a metric on E From now on
we will use this particular metric.

Denote by = and z the projection of C’TM onto E and I;‘ ‘with
respect to the decomposition of (2.19). Let f be a C*® function on
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M. Define the E hessian of f by (with respect to F = CS) -
(221) Hi(X,Y)=XYf—@G[X, Y1 f, for X,YeC"E.
It is easy to see that for any C°° function g on M, we have
(222)  Hi(gX, Y)=HiX, oY) = gHi(X, Y).

Nexf‘ we introduce the definition of admissiblé distance function.

DEFINITION 2.23. A C® function # defined on M is called an
admissible distance function to a point py in M when the following
conditions are satisfied ‘ R

(i) #(p) =0, for all p in M, #(p) =0 if and only if p = p,,
(ii) the gradient of ¢ at p is zero if and only if p = po, '
(iii) HY(X,Y)=7C(X,Y) for a C= function 7 with

T(?o)?éoy
(iv) if X, Y € C*E, then XY () =0 at p,.

If M is embedded in €% then the admissible distance function
¢ can be constructed as follows. Let po, = 0 be the origin and p be
the defining function of M. Then locally there exists a coordinate
chart (zi,*-, 2a), & = 23 + iys, such that TM(0) = {y, =0} and »
has the following form

0 =Yun— Rk(21," -, Zu_1, Tn),

such that %(0) = VZ(0) =0. If necessarjr, apply a coordinate chaynge,
we may also assume that ‘ '

o*h 2% h 9% h n o
02;02 .) 02;0 X 0 axi()

Uudér:,these assumptions, then for each 1> 0,
t=hr+ 2Re22

is an admissible distance function on a sufficiently small
neighborhood of p, = 0. For details see [1]. '

‘Hence from now on we assume the existence of the admissible
distance function ¢ on M with p, as the reference point, and
consider the closed domain U, defined by

(2.24) ‘ U,={peM|ip) L7}
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Define
(2.25) Yit=o0; b= lol%
(2.26) | . wj=btgj,

@2 Y =S¥ Y;=o; Y0+ W; for j=1---,n—1
k )

Hence the vector fields Wj’s are tangent to the level set of #, and
Y? is transversal to the level set of #, and we have

%=1

(2..28) ; a; W; =0,

@_29), W; = Z Q,,;- Y, ' where Qr; = Orj — @1 ©;,
(2.30) %, Qs Qu = Q;z; Q= Q;,-,k

(2.31) | 2 Qrjor =0, kZ_x Qjr%r =

[Y; Yi]= }— C.(Y;, i) S

(2.32) } ,
' + z :ijz Y, + E Y!qju + aje.
4 H :

Next we introduce some definitions for the error terms,
these terms eventually will be absorbed by the main term of our
estimate, ‘

Denote by ©_.; any polynomial (with coefficients in C) of r, 7,
@1,y -1, @1, *, @u—1. We also denote by 6., any matrix
(considered as a linear transformation of A¢(E)) with coefficients
6_, in the above sense. By 6, we denote any first degree polynomial
with coefficients 6.1 in @js, @ju, 7im, [Y;, 71, [I_’,-, 71, 57[Y;, oil,
and their bars. By ©; we mean a linear combination in

[Y]’QOJ [Y_H 90] b -t @0’ 90 @0’
where coefficients are 6.-1. 64, @0, 61 may be dlfferent from term
to term even when they appear in the same equation,
PROPOSITION 2.33. For eack 6o, 6, and for any ¢>0,

[8e] £ b71e,  [61] < B2,
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on U, ={plt(p) < r} for sufficiently small > 0.
If we set X° = ibS + 7Y — 7¥Y° then we see tha;t.,v. .
(234)  [W;, Wal=5b"Qu X"+ Z 60 Wi + Z 6y W1,
and " S . » |
(2.35) X%t =0,

namely, X° is taﬁgént to the level set of 2.
For the details of the above definitions and proofs, see Kuranishi
[1] and [2].

3. Am a prieri estimate. We denote by 8Q), = {p € M|#(p)=7]
the level set of £ It is a real submanifold of dimension 2z — 2,
and if we delete two characteristic points from 5£2,, namely,

bQ; = bQ, — {p € M |b6(D) = 0},

then bQ. is a strongly pseudoconvex CR-manifold of codimension
two. Hence one can define the Cauchy-Riemann operator D, on
the induced CR-structure on 5. If # is a g-form defined on Q.
and consider # is the restriction of some g¢-form # defined on a
small neighborhood of 5(),, then we have

. e n '
Dﬁ(Woi".’ Wq):‘ Z ('— l)i Wi ﬁ(WO,"‘, Wi’”'1 Wq)

+ 3 (= DT a(L Wi, W;l,
i<j A A
WO)' Ty Wi,' ) WJ':' * Ty Wq):
and
. . e R : ‘ : ¢ R .
Dy u(Wo, -, W) = 2, (= 1) Wi u(Wo,---, Wi, -+, W)
i=0
+ > (= D+ u((W:, W3,
i<i ) A R ) )
‘ WO,':"’ Wi"”’ W:i’”" Wq)-
This shows that D; xis equal to the restriction of D# to b{}, and
it is independent of the choice of the extension. Thus we have

3.1 Dbur—Dﬁlm;:Zek/\ Ykﬁ—%ek/\f(k)ﬁ!bﬂ;’
. L v
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where 7% is an extension of #. The crucial thing is that each term
in (3.1) is not well-defined for the extension %, so later we will
pick a particular one and make use of that,

Now we reexamine the equation (8.1) carefully, and write a
~g-form % as the sum of a tangential part and transversal part.
Hence we can remove the transversal part from (3.1). Define

(3.2) 70 = ; ©0rlr, = Z Qrj e;.
Then the following holds , :

(3.3) $no, YO =1, <70, Wj> = ; 0 Qr; =0,
(3.4) K Y =3 0;Q=0, {m, Wi =Qy

Next we calculate 7 # explicitly. By using the increasing
multiindices denoted by /, we see that if
,: ’
%= Z ﬁ;eI = Z ﬁ,e;l AEEIAN eiq,
=g 1I1=¢q

vthen ,

’
Y it = E : rram(es, N --- N e:,)
I

’ it -
=Z iy (Zr(mej/\ (e,-l AN ---Ae;qLe,—))
j=1

I

I .
—_—-Z %y (Zf(k)ej/\ (e,-ll\n-/\ e,-qLe,-))

I jer
I'4
= 3 01 (3 5w e A (= Dt N, A )
I =1 m=
K (‘R Ya
(Z Z e_- ”(zK > rkmt)eKy
|Kl=¢ \mex

zﬁKm

where K, means the increasing multiindex after deleting m from
K, and <z'I§’m> means the increasing multiindex after adding ¢ to

> GER,» . . .
Kn, and ef. , . ™ mean the sign associated to the permutations.
m m

On the other hand, we have
D e A Yiiilsg = SN (W + e Y )| 50,
I3 k :
= Z 7% N Whiiilsa, + (Z @kﬂk)/\ YOiilsa,
k k

=" A Waitlser.
k
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If %= X % e, wite # = Y. u; 71, where #u; is the restriction of #;
to 5Q),. Then formally we define

FORMAL DEFINITION 35. By Wru we mean Weu = X7 Wel(ur) 71.

FORMAL DEFINITION 3.6. Define

YU = Z (Z Z Em i'fmm (zfm) r’""") 1.

[Il=¢ \meI ;. I
It is important to note that these two formal definitions depend
on the choice of the extension #, so they are not well-defined.
However by (31) we see that the following proposition is
well-defined. '

ProposrTION 3.7. Let u be a q-form defined on b)Y, and % be an
extension of u. Writes = X1 9ire; and u = X.; u; 11, where ur = it | sa).
+Then ’

(3.8) Dbu=zm/\ Wku——%m,/\ru,)u.
Fmi

‘Next we will construct a particular coefficients #; for #, so
that (3.5) and (3.6) will make sense, and we will use this particular
coefficients to calculate the formal adjoint Dj of D;.. Basically the
idea is that we choose the particular extension which has mno
transversal component, namely, we push out the original g-form #
parallelly. Then we prove the following lemma. -

LeMMA 3.9, The coefficients of (g!))u= X, Wiyyuonsiy My N2 N0
are unique if they satisfy

q

(3.10) Zu,l, wi @i, =0, for iy--c,dga=1--, m—1,

z=1

where the coefficients u,l,...,iq’s are skew-symmetyic.

%= u,-l,...,;q Nzy N N
T

= 51_:' Uipei, My N N7,
SOETIR PO

i =1
1

(Z Uiyewri, @i )77:1"/\, "'./\fﬂi’q-l) N 70

lx=1

4
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[
) . -
= Z urgr + Z’ uir"iq(kz @, Wy NN 77,}’ AEA nj,q) ‘
T 7 =i :
k-th position ‘

= ; Ujyond, (77;, /\"'/\77i4+k2_1w1'k771'1/\”'/\ AN ﬂi,)

k-th position
’ - . -
. u;,...,-q (7].,'1 + wj, 70) AN (ﬂ;q + (qu?]o)

Ujyeej, @y NN\ 85,

= Z’ Urey.
I

Hence if # =0 and the coefficients satisfy (3.10), then it implies
#; = 0 for each multiindices, This proves the lemma.

These particular coefficients will be called admissible, and from
now on all of the computations will base on the admissible
coefficients. Then we have some easy consequences,

LemMMA 311, If « and § are two gq-form definred on bS2,,
expressed in admissible coefficients, then '

{e, B>= Z’ o EI; where
I

(3.12)
: “=Z,afzﬂl, ﬂ=Z'ﬂI7II,
I I
(3.13) Wiea, B = >." Wile) b1.
I .
Proof.

lat, B = <;, o1 71, ;’ By 771>‘
=<Z'a€1 er, ;,ﬂjef>
= Z' 274 Ez.

This proves (3.12). To prove (3.13), we have to rewrite Wia as
follows

<§1:, We(ar) 1, Z, B1 771>
= (X" Wila) (er, — o1, 700 A+ Aes, — o1, m0), > Brer)
I I
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=>"" Wilatr) B1

. ‘

- <AT_I' Wk(wz)(; @p E;f,, 70 A e,—ﬁ), Zl B1 ez>
= Z' Wileir) B1

I

- <};' Wk(wl)(;; 5&. G;I} e;p), (zl:, B1 ez) L 710>,

where I = (iy,-+-, ép). ¥ J = (v jo-r), set J U {t} = (s, -+,
jﬂ—l) t)’ then

n—1

. ,. (;' B1 ez) Eﬂp = Z @k (zl:' Brerl ek)

k=1

=28 (;} @5 €1, ef,,)

I

Z, (Z By €57 C-Di) ?J

\rl=¢-1 \ieg

= (—1)e ZI ’(’:-1 ﬂ]u{na)t) ey

17l=g-1 =1
=0.

Il

This is true because g;’s are admissible. Hence the proof of (3.13)

is now complete.

LEMMA 3.14. If e« is a q-form in admissible coefficients, then so

is o | 7z

Proof. a= Z}‘m n1=1/q! X1 at; 71, where e is skew-symmetric.
If I = (44,"+, i), then

al 7= ?1!— 2; (@ipyeresi, Tig N N v,—q) L7
1 q
A (3 et D Qi
q' 7 =1
.7

51

/\.../\ﬁ’_t/\.../\ﬂ‘.q)

q . ' .
= —1'“ Z (Z Ciyonii TN G D Qi

q: 7T \p=

.77,.1/\.../\;‘7’_?/\..../\77,.‘])
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=1 )(q((-—- 1

= '1’..-,‘7'1_1 ‘ \ i
Z“JI el 179Q14)7771' /\ﬂjq—x)
_7 =1
’
= Bjsses gy Tin A A Tiq-y,
gy :

where

n—1
g+1
Birwnsiqy = (=D i, 5, Qi

]q:l
g+l
=(—1 O iy e
It is easy to see that X3' .. 8.5, @;,  =0. So we are done.

LEMMA 315. If ¢ isa 'q-form,Vthm glles]z = Diziles L mall.

Proof. Write o« in admissible coefficients, & = Zja;7;. By
Lemma 3.14, az[_?yk: Z}} /9] 77, where f; = (— 1)?*' g;,. Hence

n—-1

Zuwuknz-«z S sl

k=1 |J|=g-1

=q > el = glle]®.

1Ii=¢
This proves the lemma,

In contrast with Lemma 3.11, the next lemma shows how to
compute the inner product of two g-forms when they are not
expressed in terms of the admissible coefficients. ‘

LEMMA 3.16. Let o and § be two g-forms, namely,
@=3 arn, and =3 g .
~ e P
Then {es, B> = Siseer B det(T; J), where det (I, J) = det(Q;;) + for
icel and je<].

Proof. We only have to calculate the inner prodﬁcthof the

form, C

KT, 1y =iy Ao Ny mg A= N>
=L NN ) Ly, mg, A Ay )

q
= <kz=1 (— 1)‘k+1 Qikv.jl 7, /\ A -77"1;‘/\ RN 7,

. ‘ﬂjg/\"'/\ﬂj)
= det(Q;;),
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where ¢ € {4,---,4,} and j € {ji,---, j,}. The last -equality is
obtained by induction hypothesis and the expansion formula  for
the determinant. This completes the proof of the lemma.

LemMa 317. X andet(], J') = ars for some fixed
o J'=@, - 0.

Proof.

SVandet(J, ) = S arsdet((Ase-, A, (Lo, @)

7 | T=Cdmn 4
S Cm—y
=7 @A, ...A k
1 Z 1 q
q: 4,0 =1

* <; €z QA,r(n" ) 'QAz(q)"')

1
q! 5

-1
4 Z ) CA, - Ana®
A= ,

: QA,zmi‘ : 'QAam‘I

= —a]-'!— Z (22T A

T

= 1,..,q, E

= k.

This completes the proof of the lemma.

Now we go back to prove the a priori estimate on 5. By
using the admissible coefficienits, we can define the ‘f'ormal adjoint
Dy of Dj by duality:’ ' o

P S 1 vl
(3.18) Diu=Y Wi (ul ) — o Tin(u L),

o : ) . k=1 . . ]

Let ¢ be a real smooth function defined on R which is zero if
2 < -t and is one if # > 1. Then define

(3.19) 2B =g?), for 2>0.

This function 2 will serve as the cut-off function in our calculations
and z tends to the characteristic function on 5Q) if 2 tends to
infinity. Let # be a g¢-form defined on 5Q:. Consider rDsu and
xD¥ u, we have : : :
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|

12D u]* + |2D5 ullZ
(8.20) =A-B+ (HZ e A7 u“ +

Z me(u L 771:) l

where

A= “Xk: I A Wku‘lz 2; ZWZ‘ (z‘t‘Lma) ;

and
B =Re (Z <en; N Wi, 2 N v )

+ AW (ulme ), 2r(ul m,»)

The terms of the following form

{614, up, <O1 2u, 1u), <O Wu, u) = Z<90 il W),

(3.21)
KO0 xWu, 2uy =Y, {80 ¥ Watt, 108,

will be called admissible errors which eventually will be absorbed
by the main term of our estimate. First we examine term B.

| Lemma 3.22. B is an admissible error.

Proof. Note that the coefficients of each term in #&(ul 7:) is
the linear combinations of #r 7ijr. Hence

WL e), 2L n) = W L)y 22 (sl )3,

After we write the right hand side out, we get teérms like - v
Sty W) Figm e, et (T, T, Sty 22 WiFizm) wr, detRo, JO3,
Gttty X% 5 Wiltir,) Aet (o, JOD, <try, 22 Fismtr, Wedet(lsy JOY,

where |L|=|L|=gq, and lf1l—l]zl——q—1 It is not hard to see
that

Wi(x®) #:ijmdet(Je, 1) = 61, Wi(7ijm) det(Je, J1) = 6,
Fijmdet(s, J) =60, Fijm Waldet(f, J1)) = 61.

Hence they are of the following form

{Bsu, uy, <O1xu, xu), <O x Wu, x1u).
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It follows that this term is an admissible error, and it is easy to .
see that by the same arguments the term <{x7; A W;u, 19: N 7a %)
is an admissible error. This proves the lemma.

In order to get an a priori estimate, we have to make use of
trem A. Befor deing so, we first list some properties which we
need in the sequel.

(P1) [Y, Q] = —b7'0; Qui + 6o
(PL)Y L[Y Qixl=—0"wrQjs7 + 6.
(P2)  [W; Qpl = —07"5,7Qjq + 6.
(P2)  [W;, Q] = — b7 0g7Q; + Oo.

(P3)  [Wi, [, @] = L1 Qi1 6,00~ 0 Qi) + 61

(P3)Y S IW;, [Wh Qull = — (2 —2) L@, + 61,

k=1 bZ
(P4) If Ji= (G1,---, 8g-1) and Jo = (m1,-- -, mq-1), then
W;(det(Jy, J&)) |
q—1 |
B ; Z ee(— 07170: ) Qi ymy Qi g, Qim,
* Qin(t+1)mt+1. ) .Qiﬂ(‘I—I)MQ—l + O
W;((det(Jy, J2))
g-—1
(PaY B ; ; (=07 rom) Qi ym Qi _ymy_ Qi
* Qia(t+1)mt+1. o Qix(ﬂ—l)’”ﬂ—l + Bo.
Wi(W;(det(Ji, J2)))
lrlz q— q-—-1 B
(P5) =T Z Z Z €z Oy Om; Qiz(l)ml. o Qiz(s)k. ’

) Qjmt. : .Qin(q—nmq—l
[r]2 &
TP ; ; &= Qiz(x)ml.
* (Qin(t)k Qj’”t) o .Q’.z(q—x)’”q—x + 61
(P6) Wi(2*) = 6. 3
(P6) W; Wi(2®) = 61, W; Wi(1*) = 6.
(PT) Wila,) = %—Qp,- + 6o,

(P8) If we set X°=ibS + 7Y° — rY?", then
[W;, Wel =52 Qs X0+ >, 60 W+ >, 60 W
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b2

(P9) Wi=—;+@®—2) 12 +6, on 5O

(P10) Wi(n—2)12) =a-2 1L gu+ 0,

Proof of (P1).

[Y, Qitl=— 2 06; Qur[Yp onl— D b 02 Q;ul ¥, Tml

=—>"0""5; Qur 70sm + 60
= —p* @; kaj_’ + 6.

(P1) can be proved by the same arguments.
Proof of (P2).

[ Qpal = X Qs V(@)

S=1

= Z st("‘ bt a’p qu 7_’> + 6,
=—b_16)ijq;+80. :
We prove (P2)’ similarly.
Proof of (P3).
WelW) Q1)) =3 Qe Yo(— 5715, Q;, 7 + 6o) |
= SZ=1 st qu Ys (;bo'zp_r)
- Z st b_l a’p ?Ys(qu) + @1
= 5 Quy (-~ lrlie)
= 2, WaCi| T T
n—1 9 -
+ SZ_; (4 8% Q,-q—'f%fl”—s—
+—172§Q Qi1 6,0, + 6
| b — sk is @yp Wg 1

= IZJ (Qjrdp0y— QuQjg) + 6y .-
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Proof of (P3)’.

> W (@) = 3 - (@u; 55 01— Q13 Qut) + 64
k=1 k=1

_ lrl '

bt Q]] kz: Qkk + 61

- (n— lrl 46,

Proof of (P4). If J, = (41, --, 4;-1) and ]z (ml, Sty Mgg),
then

Wi(det(Js, J.))
= Z Qjs Y, <Z €z Qin(l)ml. ) ‘Qi:z(q—x)'”q—x)

= Z Z Z st €z Qzl(l)ml Ys(Qz (M ) Q’x(q-q)mq—:

Ss=1 Ed
= ; ; ; st Sz Qi”mm1 tet
' c(— Bl =Yee O
(—b @in Q tr) Q‘z-(q-1)'"q—1 + 6o

= Z Z ex(— b1 fa)tﬂ:(t)) Q; a

Qjmt Qz + 90 .

wa-D"g-1
Proof of (P4)’.
Wi(det(]h fz))
= Z > Z Qsjex Qi ymy - Ys(szu)mt) Qza(q e

S=1 z =1

| - Z Z Z Qs; €z Q’,;(;)mx .

S==1 n f=1 .

(= b 0w, Q1) Qs

- tZ=1 ; e (— b1 TOm, ) Q‘Eu)"’l o
- Q; Qs

+ 6

z(g-1)Mg~y

1:(!‘)]“ + 60' .

z(g-DMg—1

Proof of (P5).
We(W; (det(fl, J2)))

= Z Qur Ya(W;(det(J,, )

d=l
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n—1 g¢-1

—;;;%%mxbwmnf“
- Q;

+ 32 D e Qu(— b idi )

de=l I=1 =

z(z)ml Q-’”‘t Q‘n(q 0%q-1

g—1
) (; Qi«’r(l)ml. o (Yd Qiz(s)ms) o

: Qj”’t. ) ,' Qin(q—l)mq—:l) + @1

n—1 g1 lle

irl —
—222%4 dutu + T o)
¢ Qs‘zmml"'Qjmt Ql

tate- Mg
n—1 4-—1

S S Qu—b7a,)

d=1 fest z
q—1
* Qjmt. : ‘Qizt(Q—

e
=TT Z 2 €z Q" =k Q"nm"’;' ) 'Qj’”t' ) 'Q"a(-z—n"‘q—:

Arl® - '
b ; SZI Z &x @iy Om, Qi ymy Qi (o

“ Qjm, Qs + 6

we-nTg-1, = T

z(s)d) ot

1)”'4—1) + 6,

l2 q-1 g-1

+

Proof of (P6). Recall that 2* = ¢(#6%), for #> 0, then ‘.
W,(lz) = W;(g(tb*))
= g’ (15%) tW,(bz) = tg’ (tbz) Z Qr; Yk(bZ)

ksl

=tg’ (tbz) Z QkJ (Z Om Yk(am) + Om Yk(°'m)>

m=1

= 1g’' (th%) Z Qrjror + Oy

k=1
=1 @) 7 (3, Quyos).+ 60
= B,.

The last equality holds because X721 @Q:jor=0. Aisb from
the computations we get  W;(B?) = b2 6Q,, W;(B*) = b6, for



1987] BOUNDARY OF SMALL ADMISSIBLE DOMAIN 137

Proof of (P6)’. By (P6), we obtain W;(2%) = i 5 et o,
hence . IR S
We(W;(1%))
— tz I/(th) Wk(bz) bz @0
+ 0 18) ) 00 + 18 4/ (40°) Wa(O0)

=L@ (5 80) B 6y + 19 (11) (8 64) 6y +o o

_@1+91+@1 ey

= 61

Proof of (P7).

Wila,) = g Qr; Ys ('—Ebi)

.. Y@y T (1N
- ;Q’” b b? (Zb) W;(8*)
Z%ij"l‘@o.

Proof of (P8). First we recall that -
LY, Yil=1i3,sS — ; Trjm Y + ; @itm Yom,
then we ilave
¥, 31 =0k S = 3 Qunnsy 0, V" o
— bt Z Qrp ([Yj’ 5s] — ; Qjpm ?m) 17_6
Wt 30T -
= Q;(48 — b1 1Y) — Z b7 Qum Gmjs 0, Y°

+ Z 60 W + ; 6o W

On the other hand, we have -

- Zb ' QimGmip s

= ng bty 7 "b -t Z ka((T 6m1 + Z mep Up)
= Q677 — b1 Z Qsnl Yms'aj]'. v
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It follows that
[Y,, Wl
= Q;j(iS — b1 7Y° + b1 7Y?)
— b~ [ W, ;1YY" + Z Oy Wa + Z O Wn

= b1 Qe XO — b7 [Wi, 6;1Y° + D, 6 W + D, 60 Wa.

Hence we obtain
) s ,

Z ni Y om, Wk]

[W;, Wel =

|

n—1

Z mi [ Y, Wil — Z We(Qumi) Y

=1 m=1

-3 Qus(B* Qon X0 — 574 [ Wi, 0u]Y?
D6 W, + ZQOW,,)
¥4 ?

— ;i:‘ Wk(Qmi)(wm YO+ Wm)

m=1

-

= b1 Qs; X° +Z@(,WI.+ Z@oﬁ?,,

— bt Z (Qm_; Wk(Um) + WI:(Qm:) om) Y°

m=i

=b"1Q; X°+ Z@()Wp'l' Z@()Wﬁ,
since 254 Qujom = 0. This completes the proof of (P8)

Proof of (P9). Since W; is a vector field tangent to the level
set of 2, so it is not hard to see that the formal adjoint Wj of W;
on bQ), is the restriction of the formal adjoint W; of W; on the
whole domain. Hence we simply compute the formal adjoint Wy
of W; on the whole domain, and we have

Wi = (;{j Qrj Yk>*

ka1

=S 0,7 - S 7 (@)

[255% k=1
7—1 n—1 ’
= — Z Qrj Yr + 60— Z (= b wj Quer)
k=1 ket

= — Wi+ (#—2) ";’ZT + 6.
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Proof of (P10).
e )
= =23 0¥y 3
+ (- 2) ; Qe r(z’%?l % (2 0w ¥y TntTn ¥y o))
lr lz

....(n_..

V = (#—2)—-— |T| Q;r + 0y,

Up+@1

D=1

We now go back to estimate term A, where A is given by

= “Z I\ Wru
1 R

r + “; Wil

THEOREM 3.23.

A= D xWiulr + > > K[ W, Wilus;, 22uped

i=t Pk T T=g—1

~a-nels ()]

4+ admissible eryors.

Proof. ,
A= ZO‘Z’H NWiu, 70 N Wen)

+ 3 Wiy, Wil
= Z (K22(n; L ne) Wi u, Weu) — 42%1; /\(WJuLme), Wra u)) :
+ ;; KWl n;), Wi(ul 72)>
= f‘;‘ K2 Qi Win, Weud — 22 Wiul ne, Weul 2;)
B S Wi Ln), WiuLne)>
=SS 0w ull = 5 < Wy, Waulnd
+ 3 Witula)), Wilulm)>

= Z 2 W;ul? — I + IT,

=
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Estimate for II
I = Z Z K2 Wi(uy,;), Wiug,p) det(Je, J1))

ERL N

= Z Z,«Wk (BYWi(uy;), up ) + <2 WeWilup, i), ye)

o+ Z X Wi r,), 2 sy, Wi (det((Jo, JDD

JkJ‘I

= Z; ; \;{<”hi: Wk(lz)‘ Wi(uy0)> + <y Wi Wel2®) up,e

+ {Wruy,;, W;i(2?) u11k> + {Wr “]11: z? WJ Uy, k>
| + Wi, Wiluy,;, »° u]1k>}
| +Z,, J 8 M (tagg, Wi wgy W det(Ja, JO)>
. + Ly, 22 Wiuy,e) Wedet(Jz, J1)D
+ uhg,5, 22 v ,0 Wi We det(J, ]1)>}
Estimate for I

I= Z<z Wy ulas, Weul 1>

: 2. Z P Wi(uge), Wk(ujzj) det(Je, J1)>
; ;, 2* Wiuse), Wiluyp,;i)>

1

-2, Z, X Wiug,e), wy,; Wedet(Jz, J1)D.

ik T Tg

f

Hence we obtaln
A= Z 12W; ulf + Z Z (<upgr Wa(2®) Wiluse)d

+ <u]11’ WJ W” (2*) uf1k> )
E +<Wk(u],,-), Wj(lz)u]1k>+<[Wk, Wf] %y, ;, x? u]1k>}
+ Zk " Kuy, Wi(x2) uye Wi det(fs, JO)

s J1,12

R Luyy Pugae W Wi det(Jz, J1)Y
+ 2Reuy,;, 22 W; (us,e) We det(Jz, J>}.

Estimate for

E = g 2 g Wi Wadet(fa, Jo)D.

s J1 Js

L

o~
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Ei= (T———E_I)T“)zzk: }:f: {2 uugae, Uy, W Wj det(fy; J3)>
:( 1 - )2-171212
@-11) 7 -
Z % <XZ CAALE ufu (Z Z Z &x O < Om, Q’n(x)’"l o

=1

Q’z(s) ’ ~Q~""’t' Q’n(q—x)’”qq
qg—1 i .
S S e Qe Qi Qe s Q)

=1 z

1987]

+ <Oy 10, 1UD
_ ( 1 )2 |7{®
N (g—1!/ b

q-—1 ! ' '
: Z Z Z Z ex KX gy )y5 Qi ymy Q‘n(r)

ik T, t=1 @
72
ot Qin’(#—l)mq—l QJ‘”’)

+4e, 1, 1U>
= — ( 1 )2 Fak
o\ (g—D! b

Z Z Z Z(Zz uy,n, uml...{f‘...mq w0+ Oy xu, XU>

£-th position

= ;\:_: Z (g — 1)xt up e, uge + {61 1u, Zu)

k=1

?Q(q-fl)H (5~ H + <6y 7, 1),

Estimate for

E2 =2> "uy, 12 W; (uhk) We det(Je, ]1)>

ik JJ

E2=—-2blrzg,;;((q—1)v>z. ,
.Q; Q,m o X2 Wi(u,6)>

<u]1j$,, D, lez(x)ml - ”(t)

+ {6y x Wu, 1)

e ITZZZZ( @=Dr)

t=1 x
< Lthmyeteem,_ s 22 W; (U7,2) @ m >
; t-th position :
+ B¢ x Wu, 2u)
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= =2 172222( (g — 1)1 )2

i=1 4 2
s {Umyenitonm — U Wj(ém,)>

+ B0 xWu, xu>

. ="9h~ ‘rZZZZ< (q——l)')

f=1 z

g-1d?

<um1...k...mq_1_1, uperbt Qu,;>
.+ £By x Wu, Zu) + {81 xu, 11>
=—2"'r(g—1) Z Z Kotgoe, 2207 rug,e)
k=1

+ {8 xWu, 21u> + <@1 xu, Xu)
= — 2q(q — l)Hz (—Tb’i)H 2+ By xu, xuy + {6 x Wu, xud.

Estimate for

B = >, Z,<uhi’ W;i(2*) uy,e Wi det(fz, JO).

ik T,
—1
7
Bo=—b7r ; Z ; s J: ALY wmiQiﬂ(l)’”l Q'x(t)
192
: Q'n(q-n"’q—x’ Wj(zz) u]2k> + <91 “, uy
= <91 u, u>-
Since W;(x?) = 6,, and we observe that
1.~ 0. “eo "
b Tfomt Qz"(l)ml Qz N Qz”(q oMa_y WJ(ZZ)

= b_l(TC?)mt Qi”(l)ml' : 'Qz
= b_l @o
= @,.

7:(1‘) Q,z(q—j,)mq._l Wj(zz))

By combining these estimates and applying (P6), (P6)’, we
obtain

A= Z l]zW ul® + Z S <[Wk, W,]uh,, Puped

ik IJ' J==g—-1
—qlg—1) ’z (—%-)

This completes the proof of Theorem 3.23.

+ admissible errors.

The next step is to apply integration by parts to the first term
2illxW;ul*> in A to cancel the bad term and get the desired a
priori estimate,
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0 5 1yl = 0 3 1yl + atn — 29— ) (G

Z Z <u]2m, 22 Qk;[Wj, Wk] u]2m>

JrEam

+ admzsszble eryors,
where W, = X3 Q; W3.

THEOREM 3.24.

Proof.
qz_; lxW; ull*
=2 Wl = 3 X

Jsbym T,

o 22 Wi (thy,5), Wi(thyum) Qup det(Je, J1)D
= 3 K Wilu,s), Qe Weltey,m) Qup det(Je, J))

ikpm J,J,

= Dty p 2 Qu; Wi Wi

IANER J’l.J'2
| « (thy,m) Qmp det(Jz, J1)> — R/,

where

(g 5 T3(22) Qs Wathyym) Qump det(Jo, J1)D

i k,m.p ‘71"’2
+ Sty 2 W3(Qus) Wilths,m) Qup det(Ja, J)
+ Sty 1 Qu; Wa(th7,m) Wi(Qumy) det(fa, 1))
+ Kty 5 2 Qrj Welthyym) Qmyp W;i((det Jz, T}
= Ri+ R: + B; + Ri.
Estimate for R’.
R, =<6y Wu, u).

S S ug e 12— b7 557 Q15) Withyym)

Pkm,p I,

® Qmp det(Je, 1)> + {Box Wu, xuy

= {B, qu 2.
R: = Z Z <’szp, X2 W,(ujzm) W (Qmp)>
Z Z <u]z?: b Wj(ujzm>('_ b1 Om TQJp)>

) Jm? Iy

(90 1 Wu, Xu)



144 ' SO-CHIN CHEN
iy, 2267 Tths,m Wylom) D + B0 x Wa, xu)

Z
= Z tby,p 220 707, m(B 7Qmp))
7

x + <01 xu, xu> + <O x Wu, xu)
= Z Z, b7t rthy,m 2207 rUg,mp
n J,

+ <6y xu, xuy + {0y xWu, xu)
= qllz (TT” l'z + (B4 xu, xuy + Oy x Wu, xu).

= > Ktym Widet(J, Jo), 2* Withs,m)>

F.m J'1 Jz
= —1 »e o
= '—Tb ]zk =, tZ_; Z,,: 1r<u]1k Doz, Q'z(;)ml Qi(t)’
' Q’n(q—x)”’q— x Wf(ufzk)> + {Oox Wu, Zu)

- —ro (o)

Z Z Z Z<um1---1---mq yn 1P W; (uhr;)w,,,>

fe==l @

¢-th pos1t10n
+ £O x Wu, xu)

=)
| Z > Z D Ltmpereeeomt=sb, 22 %7,0(Qm 5)D
EXCHA Jm)t:—1 <éo 1 Wu, xu)
Mz i Z (g — 1)X<ujsp, 22wy
+ {6, ru, Jm> + <60 x Wu, xu)
=q(g—1 |z (—ZLN

From these estimates, it follows that

+ LBy xu, 1u) + LBy x Wu, xud.

R/ A2 _7’19___ K ] .« .
= qg*||x b ! + admissible errors.

Therefore we obtain
a X 27, ul? |
= >0 X s, 2 Qu Wi Wilttyum) Qo det(Ji, J>

ok pym T T,

[June
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— q?-

= 3 X <upyy 22 Qui(IWS Wil 47,m) Quy det(Je, J)

Jokpem T T,

S S Cusp 22 Qus(Wa W 4,m) Qup det(fe, J1)

jik.pom F T,

x (%”—)”z 4+ admissible errors

54

—aq

x( 7 H + admissible errors

2

= 3 3 gy £ Qu, Wil > qz\l\x (22)

ikm T, ! |
N kzp: Z, Wi (#7,5) 2°
* Wik me det(]ly ]2) WI (ujzm)> ‘
Z Kty 22 Wi(Qj2)Q pm det(J, Jo), Wi (th7,m)>

IR X J
— R dm1s31b1e errors

where
! {<Z{]1p Wk(xz) Qik me det(.’l) ]l2)9 W; ujgﬂt)

jskpm FT,
+ 7,0 72 Qir We(Qpm) det(Js, Jo), W th7,my
+ sy, 2* Qs Qpm Wr det(Ji, o), Wi ta7,m»}
= 33 KWisgym) Wi2®), 7,m)
jom T,

+ <u]2mW WJ(Z )r u]2m>}
+ 2 Z (W (17,5) 22 Wi(Qpm), Ur,my

+ (u;zp Wj(){ ) Wj(me), u]2m>
+ <u]2p x? Wj Wj(meL u]zm>} :
-+ Z ZI {<Wj(u]1m) Zz WJ’ det(]-l’ ]2)’ u]2m>

j.m J'l.J2
+ <uf1m Wj(zz) Wi det(]p ]2)’ u]2m>
ALy, 2 W WJ det(Jy, J2), #;,m}
(R;' + R;’) + (R + R+ RY) + (R + R + Ry).
Estimate for R,

Ry = L6, Wu, ).
R; = <@1u u). ‘
Ry = Rs =gq ” ———)”Z + L0y xu, xu) + {Oo xWu, xu).
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iit.m J2
= <@1 u, u>
' ’ 2 -
) Rﬁ = Z f;zl f<ufzi' Zz(Qii Dp D — Ql’i Qim)’ u]zm>
o Ipsm

2
L= Z Z' IZZI {thjymy X2 Up,mp + {Or XU, X6
_ m 7,

Iz (TT”>HZ + <6, xu, xu).

R=R=qq-1 ”z(ib”-)uz + <8y 1, 1>+{O0 1 Wut, 21U,

R7 can be estimated similarly as we did for E;, and we get
Ry =<6, uy.

me- Iy n Ey

Sk T T=1 Tw

[}

< ex g 2 Qi my (@i i Qim,) -

: Qil(ﬂ-—ﬂmq—;’ u]2k> + <64 xu, Xu)

-]

: + {6 xu, xu>.
By combining all of these estimates and applying (P6) and (P6),
we get
R’ = admissible errors.
This shows that
¢ 2 EWiult = 3 3 uypm, 22 QulWS, Wiltuy,my
j.==~l e ... ik,m J2
2 it ~
(G + e X e
b f=t
— > ugp 1 Wi(Qje)

ik, p,m A

° me det(.[b ]2): W; u.’zm>

+ admissible errors

_q2
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~ u \|12
= 3 W ult = |2 (54

+ 3 3 g 2 Qul, Wity

i k,m

- Z {<W(u,zm> 2 W Qe >

]lam

+ {sbp,m W (12) 1ZACTY) u]zm>
+ <u,2,,, x* W; Wk Q_yk, u]2m>}
+ admissible errors.

The last three terms can be estimated as follows

> }_: SWi(tgm) 22 We Qjt, Uy
' Z {Witg,m) 22(— bt & 7Qur); Uyzmp
JZ
+ Oy x Wu, x>
= <90 1 Wu, xu).

isk.m

Similarly we have

> Z St gym Wi(22) Wi(Qja), tymp = <Ort, ).

i k,m

For the last term, we estimate as follows.

S D Ky 2 Wi Wa Qi t67,m>

i k.m

_ Z ZI <u]2m Zz( [T[ )(le Q)JCL)k— Q_” Qkk)y u]zm>

ikm T,

+ <6y xu, xu)

= — ( —2)? Z Z’ x> Ufym, Wimp + <O1rXu, 116 ‘
= it

. m

=—(z—2)"¢q

. .

]Z (Lbu—)H + {8y 21, xu).

Put everything together, we obtain the following estimate.
_ru

"( b >

+ Z Z <u]zm’ x? Qki[W}k; Wk] u];m)

jk,m

2

g X I Wul* = g 3, 12 Wy ul® + (gtn = 2)* — )

+ admlss1b1e errors.

This completes the proof of Theorem 3.24.
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The last step is to calculate these two commutator terms which
appear in Theorem 3.23 and Theorem 3.24.

) 'zk S LW, W3y 22 s

== Z CWs, Wlns, 2wy
+ (2 —2) ; ;' <Wk( }bij)”hi’ upet {Oi1u, 1wy
+ ; 60 Wy + ; 6 W,,,) uyj, 2 u,lk> |
+ (n—2) %2_ )3 ;’@jk Ur, 7 uge>+<0y 1, 1ud

== Z Z, <b~1 X0 Uk, z? u]1k>
k _r1

+ q(n —2) ”x (Lb”—)” ’ & <60 1 Wu, 11>

Il

+ KO0 ¥ Wu, xu) + {O1xu, xu)
==, Db X0uy, Pussy
k J.
1

2

oo ()

.+ admissible errors,

G) 3> > lusm 2 QuIWE, Waluy,

i k,m A
= ; Z, #jm 2% Qr;[ Wh, Wj] Uy mp N
Jrte 2 .Tl
o , .
j;ﬂ EJ; <Z£_]1my 12 Qu; Wh ((% —2) sz )uhm>
+<6y 1u, 1u) :

L= > ]X:l<u11m,~ Ve ij(b’l Qjr X°

WFole,m
- X0, X 6 )
F4 ?
12
)

l477;2 Z,, 2 Ktym 2 Quj Qurthymy
Faim, J1
+ <Oy xu, 1u)

—(n—-2)
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= (2 —2) Z Z' B wgim O X Ug )
m J'1

(3

+ admissible errors.

2

— q(n — 2)?

Now we go back to the equation 3.20.
(2Ds ull®* + 2D3 ul?
=A—B +—1-—<HZZ7]I;/\1’(MM
k

iy HZ»&: 27w )
= 2 W Walk + 3 3KV, Wilugy, Buge>

2

)

— (g —1) [lx(fT“)

+%~(l2k:1m/\r<k)u

+ admissible errors

= 2 AL S W ul?

;+2 []Z xra;(uu;){

(3

+ kz S Lttjim 22 Qe [W, :Wk]‘ufz;&}
Py s o

1
7n—2

+

[0S 12l + (aln - 22— 0%

+ Z ;’ EWi, Wilug,;, 2>uss

2

—qlg—1) ”Z (_gi)

. L
+ 5 ( )
+ admissible errors ’

= 22220 S aWialr + — L3 | Woul?

S ame ANrasu
k

" ||Z 1rin(ul mg

”7n—2 7% —2
=) ey
7 -1- 2 {(” —2 zm: ;IQZ gym b7 X0 Uyim) |

-sen oo (2)])

— Xk: ;’ b~ X uyn, kle>”ka>-+ a(n = 2) “Z (—Tbimz P
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%
Z e N7y u )

303

+ admissible errors

- nn;Z__q_ Z 12 W; uuz

e —q@-”)lf =

[2 + Hgmfe) (L 70)

'é) E

+ %(H; Zﬂk‘/\ 7 &) u”Z + ”;'Zr(*k)(u'l_‘ﬂ?j

+ admissible errors.

Finally we state and prove our main theorem.

THEOREM 3.25 Let °T" be a strongly pseudoconvex CR-structure
on a manifold M of real dimension 2n—1. Pick a fixed
supplementary real vector field S so that the Levi-form is positive
definite. Use this Levi-form as the metric on °T" and pick a
smooth orthonormal base Y, -+, Y,_y of °T"'. Lett t be an admissible
distance function to a referemce point p,. Let W; and b be defined
as before. Set :

={peM|t(p)=1r}, bQ =0bQ,— {p c M|b(p)=0).
Consider bQ). as a CR-manifold with the induced CR structure. Let
u be a q-form on bQ, such that
(i) u is C* on bQ),, and
(ii) Dsu, Diu, b'u and W;u are in L.

Then W u is also in L? and for any. small & > 0 the following
estimate holds

L Dy ul + D5 ulP)

1-—
>y S 7l
(R o)

provided 7 is sufficiently small and n — 2 — g > 0 and

( (kq(n ;?22— @) _ gq— D)>0 !

where T appears in (iii) of Deﬁnitioﬁ 2.23.
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Proof. Just recall that x®= g(#8*), and x tends to the
characteristic function when # tends to infinity. By the positivity
of the coefficients, the admissible errors can be absorbed by the
main terms, provided z is sufficiently small. This completes the
proof of the theorem. ' ‘

DEEINITION 3.26. Denote by Q¢(bQ2;, °T’’) the pre-Hilbert space
of all °7 g-forms # on b}, satisfying conditions (i) and (ii) in
Theorem 3.25, where the norm is given by

(3.27) leele = IDsul® + |DF w2 ,

Also denote by L%,(bQ), °T’’) the Hilbert space of all °T" g-forms
# on b}, such that |5°u|? are integrable, i.e., the norm.is given by
(3.28) o Mlulls = l16° u] .

Q7(bL2;, °T"") and Liy(5Qy, °T"') will be abbreviated to @ and L
respectively, when there is no possibility of confusion.

We denote by [Q4(8Q:, °T"')] or [Q] the completion of
Qu(bL}Y,;, °T"’). When 7 is sufficiently small, then we see from
Theorem 3.25 that for any » [Q]1, Dyu, D} u, b, W; u and ﬁ’ju
are all in L?, and their L*-norms are bounded by [«]e.

ProOPOSITION 3.29. For any « € L, there is an unique u in
Q71 such that

Dsu, Dyv) + {D¥u, D; v> = e, v
holds for all v in [Q]. Moreover

lullo < (@ =0 (LEZ22=E — g(g— 1)) Il

Proof. Define the map
4:[Q]—¢C
by 4(v) = <a, 8> for v in [Q]. Since
WKes, 03| < 107~ ]l < 116770

<(@-o) (LE=2ml —gq— 1)) or= al- ol
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hence the conclusion follows from the representation theorem of a
bounded' linear functional on Hilbert space. ‘

. REMARK 3.30. If we set # = Ny for the unique # given by
Proposition 3.29, then N;, called the Neumann operator associated
with °7'" on b{),, is a bounded linear map of Ly, into [@], and
2 qz

2

INiale <(@— )(LE=2E=L — gq— 1)) I el
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