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“Abstract. ‘Given a"line [, and a system of center “circles of
Steiner-Kantor-Morley, K. Hirano gave a construction of a system of
" center circles wtih reference to the given line /, [1]{2]." In this note
a general construction, which includes Hirano’s' construction as a *
particular case, of a similar system of center circles with. reference to
- the line [; is given. A general constructron of leanos another system
. of circles [1][2] is also given.

1. Introduction. Startinv from the system of center circles
of Steiner-Kantor- MorIey, K. Hrrano ‘constructed a’ system of center
circles with reference to a glven line /s (Hirano [1]).- '

Some alternative constructions of Hirano’s system'or‘ similar
system of center circles are also known (Hsu [2], [3])‘> In this
short note, we intend to show that a more general constructmn
grves s1m11ar system of center c1rcIes ’

 More prec1se1y, let {12 - #} be an 7- l1ne WhICh con31sts of the
7 lines: Iine‘ 1,-:-, line #. The center circles of a 3-line {1238}, a
4-line {1234}, a 5~11new {12845}, .-+, an #- hne {12-- n} are denoted
respectively as A(123) (Whlch is the- mrcummrcle of the’ tr1ang1e
{123} formed by three lines 1, 2 and 3), A(1234) (called Steiner
circle), A(12345) (called Kantor circle), -, and A(12---#). 'rhe"n
the respective  centers are denoted as (123), (1234)5 (12345) '
(12:--#), and are respectwely the centric point of the 3—I1ne {123}
the 4-line {1234}, the five line {12345}, - -, and the #-line {12--- #}.
The point of intersection of the line ¢ and line j is de_noted by
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(i7) and is called the centric point of the 2-line {ij}.

Now the typical construction of Hirano’s system of center
circles is as follows: Let /, be a given line. Let %2 be an integer
such that 3< k<, and let {12---%} De the given k-line, The %
centric points (12--- :(k —1)), (12---(k— 2) k), -+, (238---k) are on
the center circle A(12---2). Now, 1° let (12~-(k— ), be the
second point of intersection with the circle A(12---&) of the line
through the point (12---(%#—1)) and parallel to the given line
J,, Then, 2° comstruct k& perpendicular lines, one through
(12---(2—1)ll;, and perpendicular to the line %, one through
(12---(k — 2)k)|;, and perpendicular to the line (k—1), -+, and
finally one through (23---%)];, and perpendicular to the line 1.
These k perpendiculars all meet at a same point of A(12---E). This
point is denoted by R, (12-- ) For a (B + 1)-line we have (&+1)
such points: R;,(12---k), Ry, (12---(B—1)(k+1)), -+, R1,(2---k(k+1)).
These (& + 1) points are on a circle denoted as C;,(12---k(k + 1)),
the center of which is the point R;(12---k(%& + 1)). Thus for an
#-line {12-- }‘ we have Hirano’s system of center circles with
reference to the line /, : C;,(1234), C,,(12345),---, C;,(12---%).

. The known modifications so far of the abve constructlon of
Hufano 'S system which also give rise to a system of center circles
are either by changing 1° to get the second point of intersection
( -+ (B — 1)), with A(12 -k) of the line through (12---(k— 1))
and parpendzcular to the given line /,, or by changing 2° to construct
k parallel hnes, one- through (12---(k — 1)[]1o for (12---(B — 1))us,]
and parallel to the line &,- -

It is now natural to raise a quest1on whether we can still get
a system of . center c1rcles with reference to the line [, if we
replacexl" by taking the line through (12---(%— 1)) and making a
fixed angle ¢ with the given line /,, and replace 2° by constructing
lines which are making a ﬁxed,angle ¢ with the remaining line.

2. General construction of Hirano’s System of center circles.
The following proposition answers the above question:

 ProposiTioN 1. Let an nline {12---n} and a line I, be given.
Let E be an integer such that 3<k<n—1. Let 0, ¢, 0<6, o<z
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be two fixed angles. For the k-line {12-- -k}, let (12---(B — 1)),
be the second point of intersection with the Centey circle A(12---k),
on whz’ch the centric point (12---(k — 1)) lzes of the line through

- (B—1)) and makmg the angle 0 with the given line 1, Next
dmw E lines, one through the point (12---(k —1))1,0 and making
the angle ¢ with the line k, one through the point (12:--(k —~ 2)k) 15
and making the angle ¢ with the line (b — 1),---, and the last one
through the point (23---k); 4 and making the angle ¢ with the line
1. Then these k lines meet at ome point o the circle A(12---E),
denoted as R;4(12---k). For the (k + 1)-line {12---k(k + 1)}, we
have k + 1 suck points: Ri4(12---k), Ry 04(12---(k — 1)(E + 1)),-- -,
R104(23-- k(R + 1)). These k+ 1 points lie on a circle denoted as
Cr06(12---k(k + 1)). I this way, for the n-line {12---n}, we have
a system of circles Ci,4(1234), Ci,04(12345),- - -, Ci104(12- - - 22).
Moyreover, Riy4(12---k) is the center of the circle C1,06(12---k), and
the circle C;05(12---E(k + 1)) contains all the centers Rips(12---R),
Rigos(12- (ke — 1)(k + 1)), -+, Ry95(28---k(k + 1)) of the respective
circles Cry04(12: - k), Cr04(12- - -(k — 1)k + 1)), - C,“M(ZS- - -k(k+1)).
Thus the system of circles C:°e¢(1234), C1,04(12345),- - -, Cy 04(12- - -22)
is a system of cenmter circles. o

Proof. Let the % lines: line 1,---, .Iine k of the k%-line {12---%}
be represented by '
(1) 2l +2=2;1;, i=1,---, &

where z; are points and # = z:/z;. Then the characterlstlc
constants of th1s k- Ilne deﬁned by F. Morley, are

Z 2 88"

(2 — tz)(tx - fs) s (t— 1)’
Then the centric point (12---(E—1)) of the (%— 1).line
{12---(2 — 1)} is given by af*-®, and the center circle A(12---k) of
’the %-line {12---E} is given by ‘

2 &P = a=1,---, k.

(3) z=a® — a1, (2] =1.

The line through theu point (12---(2 — 1)) and making the angie 0
with the given line /o: s : '
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1s glven by the equatlon o

e2tdtoz +z= e250 t a(k -1 + a(k—l) N .
— eZ;dtoa(k—l) + (___ )k 2ka n a(lz—l)

.:,(5?

since we have the relation:

® @@= (D,
where ° :
(7) . N “t1tz t’

| Smcelt is also knoWn ‘that
(8) ) ‘ | o ia<k-1),,__ a‘“’;a‘k"tk
-the equat1on (5) can also be Wr1tten 1n the followmg form
| 2”’ toz + Z
L= eZzﬂt {ﬂ(k)—‘ azk)tk] +. ( l)k 23’2 1)[a(k) a(k)tk]
Thus the pomts of 1ntersect1on of this line and’ the circle (3) are
glven by ‘the values of # sat1sfy1ng the equatmn

ez”’t J[a® — aP ] + [ am — gp l]
e t
= 0 1 — o 5] + (— DPSLaf — o],
that is,

— e 100+ [0ty 4y + (= D1 0 a2, 71—] t
, : k

+ (—DFsPaf=0.

The two roots of this equation are t =1, and

©)

(10) g ( 1)" 1_”_&_

ezsa a(k)t tk
Thus the second point of 1ntersect10n of the hne (5) and the

circle (3) is given by

/ B) (k) -
11 z—a"”+ DL S
‘( ) (—=1) TRl

Thxs is the coordinate of the point (12---(%k = 1))se.
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The line passing through this point and making the angle ¢
with the line Z&:

2ty + Z = Zpts

is given by the equation:

etz + 7. _
= et (- 1S ]
eZiﬂ tO tk
‘ 9278 ’
+a® + (— 1L tote gy
Sk
that is
itz + %
‘ PP
: — it g, & (— 1)F g2its-0) Sk Fi-1
(12) 8 + (— 1) 7

+ (— 1)F-1 s g — 20 g 4o 8,

Similarly, the line passing through thé'poiﬁt (28---R)1,0 and making
the angle ¢ with the line 1 has the equation: o

ezi¢t12 + Z

. ; st afh
—_— e2$¢ ag )t1+ (._... 1)k 921(¢_a) _t_...:..._
[

+ (= 1F1sP e — 20 g by 1.
Subtracting these two equations side by side, we have
€% 2(ty — t) = €t afP (1 — 1) — S0 @ to(t — 1),
Thus the point of intersection of these two line‘s' is given bs’r’
(13) 2= ai"— ai? 2 (= f,,

Since this expression is symmetri¢ with respect to #i,---, #s, it
follows that the % lines stated above meet at this point. This is a
point on the circle (3) corresponding - to the paramefer" value
t = 20-# ¢, This point is denoted as R,ow(lz- --R). )
For the (2 + 1)-line {12---&k(2 + 1)} we have % + 1 such points:
Ri0s(12:--k), Ryp(12---(B —1)(E+ 1)), -, Ri0s(28---k(E + 1)).
Since, by (8) the expression (13) can also be written in: the form:
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2= [0 = af V1]
— [a§k+1) — a§k“’ tk+1] eliCo—9) to,
— [agkn) — af*V g% 0-8) ¢ ]
— [af*D — af*D O ] 1,

(14)

it follows that the point R;s(12---&) is on the following circle:
(15) 2= [agk«el) — a§k+1) ez;‘(a—m t()] — [agkﬂ)_ agku)eZi(a—np) fo] t.

Since this expressidn is symmetric with respect to #i,---, tzi1, We
can conclude that the (& + 1) points: Ryes(12-- k), Ryes(12---
(B—1)(E+ 1)), -+, Ri04(23---k(k+ 1)) all lie on this circle which
is denoted as Cy,04(12---k(k + 1)).

By the above discussion, we know that the circle c,o,,,,,(12-‘~-k)
corresponding to the k-line {12---Z} has the equation:

z = [agk) — agk) e2i0—-¢) to] —_ [agk) — agk)eZi(ﬂ—cﬁ) to] t.

This equation and (13) show that the point R;,s(12---%) is the
center of the circle C;4(12---2). Thus the centers of circles
Ci06(12- - k), Cr,06(12--- (B — 1)k + 1)), -+, Cr04(2- - -k(k + 1)) all
lie on the circle C;p4(12---k(k + 1)), and the Proposition 1 is
shown.

Now, let ¢/, ¢’ " be another pair of fixed angles, and let
C1,006-(1234), Cy0-4-(12345),- - -, Cy 9-4-(12- - - 1) be the system of center
circles with reference to the line /o corresponding to this pair of
angles. Then, from the expression of (15), it follows that the two
systems of center circles: - C04(1234),---, Crp6(12---12) and
C[oa'¢f(1234)," *, Cr0-4(12---m) coincide if and only if €%¢-®
= g?¥(#"~¢" that is, ¥LW0-$~0"-471 =1 holds. Thus, we have the

following:

COROLLARY 1. The two systems of center civcles Cj4(1234), -,
Ciy05(12-+-2) and Ciyo-4-(1234),- - -, Ciyp:4(12- - -2) coincide if and only
if (0—¢)=(6'— ¢') mod = holds. o

_From the equation '(15), we also have the following:

- COROLLARY 2. The system of cemter circles C;,5(1234), -,
C1,06(12- - -m) coincides with the system of center civcles Ci(1234),- --,
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Cy(12---n) if the line I; has the turn ty= — -9ty wheye t, is
the turn of the line 1,.

3. Constructions ‘of Hirano’s another system of circles.
Hirano’s another system of circles: B(1234),---, B(12---%) is
constructed as follows: For the 4-line {1234}, let R,(123) be the
point R, (123) defined above taking the line 4 as\trhe line 7,. Then,
we have four such points: R,(123), R3(124), R:(134), and R;(234).
These points are on a circle denoted as B(1234). For the 5.line
{12345}, we can define similafy a circle B(12345) as follows: Let
R;(1234) be the point R, (1234) taking the line 5 as the line 1y
Then, the five such points: R;(1234), R.(1235), R3(1245), R:(1345),
and R;(2345) lie on one circle denoted as B(12345). And so on.
Thus for the #-line {12---%}, we have a system of circles: B(1234),
B(12345),---,B(12---n).

- Corresponding to Hirano’s this system of circles, we can show
the following:

- PROPOSITION 2. Suppose that the n-line {12--m} is given. Let
8, ¢ be two fixed angles suck that 6 — ¢= z/2 mod =. Let Ri1p4(123)
be the point Ri,5(123) defined above taking the line A as the line I,
Then the four points similarly defined: R195(123), Rps(124), Rapg(134),
Rus(234), all lie on a circle demoted as Bys(1234). Next, let
Ry95(1234) be the point R;,4(1234) defined above taking the line 5 as
the line lo. Then the five points similarly defined: Rs65(1234),
Ryps(1235), Rsps(1245), Reps(1345), and Rip4(2845), all lie on one
circle denoted as B,;(12345). And so on. In general, for the n-line
{12--n}, lot Rure(12---(n—1)) be the point Ripe(12---(n— 1))
taking the line n as the line l,. Then the n points similarly defined:
Rups(12: -+ (2 — 1)), Rin-104(12-- - (1 — 2)n),- - -, R194(23---m), all lie
on one civcle denoted as Bqys(12---n). Thus, for the n-line {12---n}
we have a system of circles By;(1234), Bgy(12345), -+, Bgs(12---2).

Proof: We give the proof for the general situation here. As
proved in Proposition 1, the point R;4s(12---(22 — 1)) has the
coordinate:
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(16) 7= g{*D — g2i0-® o=V g

Thus the point Rus4(12---(22 — 1)) has the coordinate:
(17) . 2= a"™" — 09 gt~V ¢,

By (8) this expression can also be written as follows:

z=1[af" — a®t,] — P tla® — ¥ 1]

(18) a(n) — a(ﬂ)t [1 + e2i(0—¢)] + agn) e2i0—9) t:.

If 0—¢=x/2 mod =z, then 1+ ¢¥Y =0, so this point
Buys(12--- (2 — 1)) has the coordinate:

(19) z=a — af" 1.

This shows that the poinf Bugs(12---(#— 1)) is on the following
circle:

(20) z2=a™ —a™t.

This is the equation of the circle By;(12---2), with § — ¢ = z/2 mod
z. It is obvious that the other points: Bu-1es(12---(22 — 2)2%), - -,
B1ps(23---%) are all on this circle.

Since the circle B(12---#) has the equation z = af{® — @™ ¢, from
(20) we can conclude the following:

v COROLLARY 3. Let the two angles 0, ¢ be such that 0 — ¢ = z/2
mod z. Then the system of circles Bys(1234), -+, Bys(12---n)
Coincz'des with the system 'of civcles B(1234),---, B(12---#n).
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