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"Abstract. In this paper we give a general expression for the bias
‘of the higher order jackknife estimator ](k)(e) in terms of the bias of " .

¢, and compare the bias of J¥(8) with those of 8 and ](’3‘1)(6)‘
asymptotically. We have extended some results of Adams, Gray and
Watkins (1971) who conmdered the two special cases: k=1, 2.

1. Intreduction. Quenouille ([81, [9]) introduced a method to
reduce the bias of an estimator 6, which eliminates bias term of
order 1/2. This method was later utilized by Tukey [12] to develop
a general method for obtammg approxxmate confidence intervals in
not quite large sample size. " At that time, Tukey adopted the name
“]ackkmfe” for his method. Since then a large number of papers
have been ertten on this method, see Miller [6] and Parr and
Schucany [7]. Schucany, Gray and Owen [10] first suggested the
higher order jackknife J® which eliminates bias terms of order
1/#n, 1/#%,---, 1/n*. Recently, Burnham and Overton [3] applied the
higher order jackknife J® (&< 5) to the estimation of the size
of a closed population when capture probabilities vary among
animals; they also proposed a procedure to decide which order %
should be used for their study and found it being an available
kprocedure

By the direct - computatlon of determinant, Adams, Gray and
Watkins [1] characterized the bias reduction properties of the first
two jackknife estimators J® and J®. It does not seem easy to
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generalize their result along the same line of argumént. In this
paper we use the Gaussian elimination and mean value theorem to
extend their result to any higher order jackknife J%. We first
give a general expression for the bias of J®(8) in terms of that
of 6, and then compare the bias of J®(#) with those of 8 and
J®-0(§) asymptotically. Our expression is simlar to, but different
from the formula obtained by Sharot [11] who used a combinatorial
approach,

2. Definitions and Lemmas. In this section we give some
definitions and lemmas which are necessary in this paper. In the
definitions below we shall follow the hne development given in
Gray and Schucany [4].

DEFINITION 1. Let 8 be an estimator of # based on the random
sample Xi, X;,---, X, For 1<k<x#—1 and 2<j<k+1, let
Gi2i; be the est1mator obtained by restricting 8 to the samples
obtamed by deleting at random j — 1 of the observatrons Define
01 =6 and ‘

. é‘j =.vé‘i2&;3--~i,-". j= 2, , B+ 1,
the average over the ( j 7 1) resultmg statistics, and define the
kth order Jackkmfe estlmator J C’“(B) of 6 from 0 by

8, 8 i Bpn

” n—1 n—£k
i1 1

E 2 7\E

gy = | #8  (—1) (2 — k)
A (, ) 1 1 < 1
1 1 1

o 7—1 7n—Fk

5 O R

nt  (m—=1)* (nn — B)*®

Note that if the expectation E[G] 6+ Bz, 6) and §j is
defined as above, then - ’
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Elf;—01=Bm—ji+10, j=1,223 -, k+1.

DEeFINITION 2. Let 8, and §; be two estimators of ¢ defined
on a sample of size # and let Bi(z, 6)—E[61——6] Bz(ﬂ, 0)
=E[6,—06]. I the 11m1t : : . =

Bi(m, 0
‘ .L - }Bg B:Eﬂ 0;
exists, then
(i) if |L| =1, we say that 8, and 6, are same order bias
estimators of 6, and denote this by 8, S.0.B.E. b

(ii) if L =0, we say that 6, is a lower order bias estimator

than #,, and denote this by 6, L.O.B.E. §:; and

(iii) if 0<|Ll <1, we say that #, is a better same order

_bias estimator than 65, and denote this by 6, B.S.0.B.E.
B.

DeriniTiION 3. Let {a.} be a sequence of real num’béfs‘, then
for any # we denote Afa,, k=0,1,2,---, 7 — i, by

an: if k=0
At a, = {Ady = Gp — Cn—1, if =1
A(AFta,), if k=2,3,---,z—1.

To prove the theorems in the next section, we need the follow-
ing lemmas. As stated below, Lemmas 1, 2 and 3 are well-known.

LemMMA 1. Let {a.} and {b.} be two sequences of real numbers
such that 1imy .o @y = liMy.0bs = 0, where |b,) is monotome. Then

Aa
lim %2 = lim i
nl—mo b” nl—-»oo Ab

provided that the second limit exists, ﬁm’te oy infinite.
Proof. See Bromw1ch ([2], p. 143) or Knopp ([5]1, b. 109)
| LEMMA 2 For any positive iniegers m, # cmd k where k< m,
k mtiN, »n
-o ("))
,Z‘:’ (=1 z ) k—1

— (m—m—1D@—m—2)---(w—m—F)
k!
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Prodf. This lemma can be proved by using the factorial
binomial theorem% see Yaglom and Yaglom ([13], p. 1}36).}7&

LeMMA 3. Let {a,} and {b,} be two sequences of real numbers.
Then for any positive integers kB and n satisfying 1< k<n—1,
~ -4

@by =3 () (At g a8,

£=0
) \Proof. ~This Iemma éan be proved easily by induction.

LEMMA 4. For any D #0 and any positive mteger i,

 lim - Aln ;
7—00  gp— p—1

L (B p =D (—p—it 1)
p+::_1)ix.

= (—1)¢(

- Proof. Since for any 2>
Alp=? 1 K5, 8 o
= 2 V() i

n-r
e (-2,

it can be proved by mean value theorem that

i pp—p L .\
"A”~=‘f<”k-—0,,-l~\ for some 0<6,<1,

nr—i n!’
where f is-the i-th derivative function of Sx) =¢+ 2)-2,
Therefore ' ‘ "

lim A"; —lmfc"( i)

n—o00 n n-00
= F9(0)
= (=) (=p =D (=p—i+1).

:S

LEMMA 5. Let {a,,} be a sequence of real mzmbers cmd >0
such that : Y :

limn?a,=c+#0 * or oo,
) %00 . .
and .
lim n#+* A* q, exists,

B0
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where k is a fixed positive integer. Then for i =1, 2, - <R

lim A (g (—p 1) (mp =i+ D)

‘ pt+i—1

= (- D( )i

i

Proof. Froimn: t‘he;‘ »assumptions and. Lemma. 1,.it can be seen
that ‘ ’ i
_ lim a”—‘—_—- lim f—é‘ﬂ—
Lm0 T P I n-co A_n"j’

Then for any i, z"——- 1, 2,---, kB, we have

N P Al . i i gy b AP g
11m—~———%jAa"v=hm (A'a,)/ (A7 )‘An.
oo ay P an/(nvﬁ) nrt
i ?
= hm A'n”
noo  gpT P i

=(=p(=p =D (mp—i D).

The last equality follows from Lemma 4.

3. Main theorems.. . In this section we shall give four -main
results. In order to characterize the bias reduction properties of
J®, we need a general expression for the bias of J " (§) in terms
of the bias of 6. This is accomphshed by the following theorem
which reduces to the results of Adams, Gray and Watkins ([1],
Theorem 1) when k=1, 2.

TuroreM 1. Let 6 be an estimator of 0 based on the random
sample X, _Xz,"' X,, and let E[§ — 61 = B(n, 6). Then

E[]""(G) — 0] = Ak(nkB(n 0)),

where 1£k£n—1.



98 GWO DONG LIN [Mareh

Proof. From the definition of J® (), we have

E§1 Ed, --- E§k~+1' :
1 L
7 7—1 n—Fk
i 1 i
: ok % E
W= B (—1) (2 — k)
E[J®@§)] =S 1
11 1
- 7—1 n—=Fk
i1 i
nt . (e — 1)F (e — k)*

Reviewing Ee =6 + B(n— j+1,6), we know E[J®()]1=6+R

where
B(n, 6) Bn—1,0)-- -B(n—Fk, 0)
1 1 o1
7 n—1 n—=k
1 1 o1
R = sk (;m— 1)* (e — k)*
1 1 1
1 1 1
% 7—1 n—~Fk
i 1.1
n* (92 — 1)F (= — B)*

Multxplymg both denominator and numerator of K by 7k (1 — I)"
(n — k)’* we obtam '

| #*B(#, 6) (n—l)kB(n—i, 0)---(m—Rk)B(n—Ek 0)
N C ek ) €
7% n—1 7 — k
_ 1 1 1
R - nt (22— 1)* (2 — R)*
gph—1 (n _.l)k—t (n — k)k 1
7 7n—1 ” — k
1 1 1
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Then taking the same column operations in each -of the above

determinants, we have

Aln%B(n,0)] Al(z—1)tB(n—1,0)] --A[(n—k+1)*B(n—k+1,0)] (n—k)*B(n—Fk,0)
Anf-l A(n—'l)k—l e A(n—k?tl)k-l (n—]a)k—l
an A(n.—— 1) .o A(n—'k+1) n—k
R 0 0 0 1
- anf A(n—1)F cee Aln—Fk-+1)F (n—Ek)F
ank-1 A(n—1)F-1 . A(n—k+1)F-1 (n—k)k-1
Az A(n=—1) A(n—F+1) (n—k)
0 0 o 0 1
Al#*B(n,0)] Al(n—1)%*B(n—1,6)]---aAl(n—k+1)*B(n—Fk+1,0)]
ank-t A(n—1)F=1 ‘e A(n——k.—l—l)k_l
_ A:n A(n:—l) - A(n—:k+1)
- Ank A(n—1)F .- Aln—k+1)*
Ank-1 A(n—1)F—1 .- A(n—k+1)F-1
A:n A(nz—l) A(n—:k+1)

Continuing the above procedure £ — 1 times, we finally obtain that

_ A¥Mun*B(m, 6)] _ 1 v
R= At = AF[n* B(z, 6)] .

Thus the proof of this theorem is completed.

In the next theorem we compare the bias of the higher order
jackknife estimator J®(§) with that of 6 from an asymptotic
point of view. Two special cases (& =1, 2) of this theorem were
also obtained by Adams, Gray and Watkins ([1], Theorem 3).

THEOREM 2. Let 8 be an estimator of 6 based on the random
sample X, Xz, -+, X, and let E [6 —01=B(%n,0). Assume that there
exists ¢ p >0 such that

limntB(n, 8) =c¢(0)%*0 0r Z£oo,

and
lim 22+% A* B(n, 0) exists,

where k is a positive integer. Then
G) if peil, 2,---, k), then J®(@) L.O.B.E. §;
(ii) of p<k+1 and p&{1,2,---, k}, then J®(8) B.S.O.B.E.
6; :

’
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(iii) if p=Fk+1, then J*(8) S.O.B.E. §;
(iv) if p>k+ 1, then 6§ B.S.0.B.E. J®(d).

" Proof. From Theorem 1 and Lemmas 3-5, we have .
i E(J®(8) —0)
1 =
= E — ) .

(1/k!) A¥(n* B(%, 0))

= lim B(x, 0)

5 (B)[ab-i(n — i)*] A* B(n, 0)
= r lm A1) ;(n,zﬁ) - -
- L3 () A0t B D)
R e oY
S I M (RS}

The right hand side of the last equality is 0 provided p is replaced

by any one of 1, 2,---, 2. Hence (p—1)(p—2)---(p—Fk) is a
% S B NPpF+Hi—1\ . .

factor of Ni.(—1) P i .~ PRinally, after checking the

order of p and the constant term we know that

i PSS o E )T

= p-ne -2 b

Thus -the conclusions of this theorem follow immediately from
Definition 2.

In Theorem 2 we have proved that in many cases J® is an
effective bias removal tool. Moreover, it should now be clear that
J® can be more effective than J%®-Y, To establish an asymptotic
characterization of this property we show the next two respective
extensions of two results of Adams, Gray and Watkins ([1], Theo-
rems 4 and 6) who had considered the special case 2= 2.

" THEOREM 3. Let B(n, 0) and p be defined as in Theovem 2,
and assume p & {1, 2,---, k—1}. Then
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G) if p=k then J®(@) L. O.B. E. J%*(8); ,

(ii) if p<2 and pe& {1, 2,---, k}, them J®(§) B.S.O.B.E.
]Ck-l)(é‘);

(iil) if p =2k, thew J®(€) S.0.B.E. J#9(§);

(iv) if p>2k, then J*-D(6) B.S.0.B.E. J®().

Proof. The conclusions of this theorem follow from the fact
that -

_ EJ®@) — o]
B EE0 @) — 0]
i (I/RD AMn* B, 0)] |
"2 Wk — D) A B, 0)]

— 1 jm (AR B(n, 6)11/B(n, 6)
k mo {AF U ntt B(n, 0)11/B (s, 0)

_=1 (-1 —=2)--(p—k+1)(p—Fk)
k (p—D(Pp—2)-(p—k+1)

T (p— k).

In the above theorem it was necessary to . assume that
pell, 2,---, k—1}. For p=k—1, we have the following theorem.

And it is possible to consider the cases p=1,2,---, k—2 similarly.

THEOREM 4. Let B (éz, 0) and p="Fk—1 be defined as in Theorem
2. Assume that there exists @ ki >0 such that

Lm 25 [n* 1 B(s, 6) —c(6)] =¢i(8) 0 o0r =+ oo

B0
and

lim #2%+% AF[s%-t B(m, 0)] exists.

n—00

Then ; .

(i) if ba=1, them J®() L.O.B.E. J®(§);

Gi) if 0<ki<E+1 but ki1, then J®() B.S.O0.B.E.
J =0 (8); o

(i) if Bo=Fk+ 1, then J®(8) S.0.B.E. J#(8);

(iv) if B>k +1, then JO9(8) B.S.O.B.E. J®(§).
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Proof. Consider

A*[n* B(n, 6)]
= A*[n(#*~* B(x, 0))]

= > (*) tat = 91 41 B, 03]
= (n— k) A*[n** B(%, 0)] + k A*'[n*' B(%, 6)]
+ kz::: (I:) [AFi(n — i)] Al[n*~* B(#, 6)]
= (. — k) A*[#* " B(n, 6)] + kA [n** B(zx, 0)].
By the assumptions we have |

. AF[nFLB(nm, 0)] _ .. AU n*1B(n, 6)]
1,,1_".2 AF 551 - I,,I_I,E AF—1 gk, 70,

and hence

. (— k) A*[n*~t B(n, 6)]
o S N Bla, )]
(n— k) At At B(n, 6)1/(AF*)

= lim
7—00 Ak—i %—kl Ak—l[nk—l B(”, 0)]/(Ak—1 n——kl)
s (s — k) AF %1
- lnlfg Ak—l 7wk
_ fim ARG g — k)
noeo [AF-L(3~F1) ] /o kRt gkt

(=k)(=b1—1)--- (ki —E+1)
(—k)(—ks— 1) (—ks — k + 2)
=—kh—k+1.

Therefore, we obtain that
. E[J®(@) — 6]
1 4
1 E[J%*D(8) — o]

_ fim — (1/k)) A*l* B(n, 6)]
nw (1/(k—1)1) AF*[2*~* B(n, 6)]

_ o 1, (n—B) AHnt B, 0)]
tm -+ A1 B, 0)] J

;%(k—-kl—-k+1)

,_s%(l—ko,
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and the conclusions of this theorem follow immediately from
Definition 2.
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