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SOME EXPONENTIAL DIOPHANTINE EQUATIONS

BY. '

CHEN TE YEN ( ﬁﬂi/my)
(1) For the equation 2“ + kb= 2“ + m?, k#m and &, m =3,5,
7, -11~ 13, 17, or 19, we. find all nonnegative 1ntegral solutions.

(ii) We find all 1ntegra1 squt1ons ‘of 1 + 3“ = 25 + 2¢ 3" and
e =1+ 25 + 20 '
- (iii) _For _ the equations -3¢+ 7° —14+2+5 and. 1+ 3°
=205° + 2+ 375, we_ find all nonnegative integral solutions.
By an exponential Diophantine equation (eDe) we ‘rnean an
equatlon in which the bases are (given or unknown) mtegers the
exponents are unknown integers. More recently, J L Brenner and

L. L. Foster [2] solved many eDe’s. In the paper, we" shall solve
some srmﬂar eDe’s by usmg a ﬁmte nurnber of moduh '

THEOREM 1; The only solutions of 2¢ + 3b = 2¢ 4 7'1 Y
nonsegative integers are given in Table 1. In this table, t denoles
an arbitrary nonnegative integer. ‘

~ Table 1.

a b c d

i 1 2 0

3 9. 4 0
3 .0 1 1
6 .0 4 2
¢ 0o £ .0

1 2 2 1

3 1 2 1

5 4 6 2
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Proof. Let (a, b, ¢, d) be another solution. CIearly a > O,
€¢>0,avc. From [2], 56>0, d>0. Using mod 3, ¢ is even, @
is odd. We consider four cases. L .

Case 11. a=1 Then 2+ 8 =2 +7¢ By [2], ¢>2 Hence
we have a contradiction mod 8.

Case 12. ¢=2. Then 2¢ + 3” =4+ 7% From Case 1.1, a> 2.
Using mod 8, b is odd, ‘d is odd. Thus using mod 5 we have
(2,5, d)=(3,1,1) (mod 4). Suppose 2>3. This yvields a
contradication mod 16. Hence ¢ =34+ 3° =74 Clearly 5> 1.
Using mod 9, d = 2 (mod 3) so that in fact 2 =5 (mod 12). Thus
we have a contradiction mod 13. : :

. Case 13. @=3. Then 8+ 30 =2 + 74 By Case 12, ¢> 3.
Using mod 16, (b, d) = (2, 0) (mod (4,2)). Thus using mod 5,
(¢, d) = (0, 0) (mod 4). Combining these results and ﬁsing mod
7 we get (b, ¢) = (0, 1) (mod (6, 3)) so that in fact (3, ¢) = (6, 4)
(mod 12). Hence using mod 13 we have d=7 (mod 12), a
contradiction. o
~ Case 14. a =5 and ¢ Z 4. Using - mod 16, (&, d) = (0, 0)
(mod (4, 2)). Thus using mod 5, (#,b,¢,d)=(1,0,22) (mod4).
Hence using mod 7 we have (g, b, ¢) = (0,0,1), (1,2,2) or (2,4,0)
(mod (3, 6, 3)) so that in fact (a, b, ¢) = (9, 0, 10), (1, 8, 2) or
(5, 4, 6) (mod 12). - Combining the above results and using mod 13
we get (@, b, ¢, d) = (5,4, 6, 2) (mod 12), Thus using mod 19,
(@, 8, ¢) =(5,4,6) or (11, 10, 0) (mod 18). Hence using moduli
27, 37 successively we have (g, b, ¢, d) = (5, 4, 6, 2) (mod(36, 18,
36, 9)) so that in fact (@, b, ¢, d) = (5, 4, 6, 2) (mod 36). Using
mod 72, d =2 (mod 24), so that using mod 32, =4 (mod 8).
Applying these results and using mod 193 we conclude that
(a, b, ¢)=(5, 4, 6) (mod (96, 16, 96)). Combining the above results
and using mod 97, d =2 (mod 96) so that in fact (a, b, ¢, d)
= (5, 4, 6, 2) (mod (96, 48, 96, 96)). Suppose ¢>5. We have a
contradiction mod 64. Thus a=5, 32+ 3% = 2¢ 4 74, Suppose
¢>6. Using mod 256, b = 52 (mod 64). We consider our equation
modulo the prime 257. Since the order of 2 is 16 and the order of
3 is 256, we have the following possibilities: 7¢= — 32 + goz+oen
(mod 257), # =10, 1, 2, 3. Hence d = 141, 231, 251 or 75 (mod 256),
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each of these congruences is a contradiction. Thus ¢=F8,
30 =32+ 74 Clearly #>4. Using mod 243, d =29 {mod 81) so
that in fact d = 110 (mod 162). Hence using mod 163 we conclude
that 3'=324+719=—60 (mod 163), b=95 {(mod 162),  a
contradiction. [J '

THEOREM 2. The only solutions to 2°+ 11 =2°+ 137 . jx
nonnegative integers are givew in Table 2. In this lable, t denoles
an arbitrary nonnegalive integer.

Table 2.
a b ¢ d
3 2 7 0
4 0 2 1
{ 0 3 0
2 1 1 1
6 2 4 2

~ Proof. Let (a, b, ¢, d) be another solution. '

We will first show that b>0. Assume the contrary. Then
9e +1=2°+13% Clearly d>0. Using mod 3, a=¢ (mod 2).
Thus using mod 13 we have (g, ¢) = (4, 2), (5, 11), (8, 10), (9, 5)
or (11, 8) (mod 12). Hence using mod 7, (g, ¢, €)= (4, 2, 1) or
(5, 11, 0) (mod (12,12, 2)), so that using mod 5, {a,¢,d) = (4,2, 1)
(mod (12, 12, 4)). Suppose ¢>2. This yields a contradiction mod 8.
Thus ¢=2, 22=3 + 13%. Clearly d >1. Using mod 169, @ = 124
(mod 156). We have a contradiction mod 157. Hence & > 0.

We will next show that d>0. Assume the contrary. Then
9¢ 112 =2¢4+1. Clearly 8>0, ¢>3. Using mod 8, =3, b is
even. Suppose @ >3. Using mod 16, b =0 (mod 4). Thus using
mod 61, @ =c (mod 60). This yields a contradiction mod 11.
Hence ¢ =3, 2°=7+ 11%. Clearly ¢>7. Using mod 256, d = 34
(mod 64), so that we have a contradiction mod 193. Thus d > 0.

Clearly >0, ¢ >0, a~c. We consider five cases.

Case 2.1. =1. Then 2+ 11% =2¢ 4+ 134, Using mod 3, b is
even, ¢ is odd. We have a contradiction mod 8.

Case 22. ¢=1. Then 2¢ + 11?2 =2 + 134, Using mod 4, & is
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odd. . Thus using mod 3, ¢ is even. Applying these results and
using mod 5 we have (g, b, d) = (2, 1, 1) (mod (4,2, 4)). ~Suppose
a>2.: This yields a contradiction mod 8. Hence 'w =2, 2 + 11?
=134, "Clearly 5>1.- Using mod 121, d =61 (mod 110) Thus
using mod 23, b = 20 (mod 22), a contradiction. ,

Case 23. a=2. Then 4 + 11” = 2°+ 137 From Case22 c>2
Usmg mod 4 b s even, Thus usmg mod 3, ¢ is even " Hence
using ‘mod 5 we get (¢, d) = (0, 2) or (2 O) (mod 4) In each
case we have a contradiction mod 8. - a

Case 2.4. =2. Then 2°+11*=4 + 13¢ By Case 21, a> 2.
Using mod 8, d is odd. b is even, so that using mod 3, @ is even,
Thus using mod 5 we get (2, d) = (0, 1) (mod 4), so that using
mod 16, 4 =0 (mod 4). Further, using mod 11, (a, d) = (0, 3) or
(8, 5) (mod 10). Combining these results and using mod 41 we
have the following possibilities: 11 =4+ 13®+22 -1 or
4 + 13520 — 10 (mod 41), 2, m =0, 1. Hence b =35, 6, 30 or 25
(mod 40), each of these congruences is a contradiction.

Case 25. a >3 and ¢ > 3. Using mod 8, b is even, d is even.
Thus using mod 3, a = c (mod 2) We consider the following
p0531b111t1es d=9 or 2 (mod 4). ‘

- ‘Suppose that 'd =0 (mod 4) Usmg mod 7, (a b; ¢) =(0,1, 2),
(D, 2, 1 er“(t,'(); 2) (mod 3) " Hence using ‘mod - 5 @ = ¢ (mod 4).
Applying ‘the ‘above. results, we have the - following ' table of
p9581b111t1es mod 12 } T A T S

Table A. (a’z,, b, ¢) mod 12

9 2 - 1
9. . 8 -1,
6 4 2
6 - 10 2
0 2 4
0- 8. - < 4
9 4 5 -
9. 10 5 .
" © 30 ©2 7
3 - 8 7
0 4 8
0 10 8
6 2 10
6 .8 10
-3 4 11
3. 10 11
- 0 3
] t 6 t
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In each ¢ase we have a contradiction mod 13. :

* Thus d =2 (mod 4). Applying the above results and using
mod 5, (2, ¢) = (2,0) (mod4), so that using mod 16, 5 = 2 (mod 4).
Hence using  moduli 13, 7 successively we get (a, b, ¢) = (6, 2, 4),
(2, 6, 4) ot (6, 10, 8) (mod 12). Thus using mod 9, (@, b, ¢; d)
= (6, 2,4, 2); (2,6, 4, 2) or (6,10, 8, 1) (mod (12, 12, 12,:3)).
Combining these results and using moduli 37, 19 'successively. we
conclude that (@, b, ¢, d) = (6, 2, 4, 2) (mod (36, 12, 36, 36)): Hence
using mod 73, (b, &) = (2, 2) (mod 72). Therefore using mod 32,
¢ =4. Thus 2°+ 11% = 16 + 13%. Combining the: above  results: and
using mod 17, (g, b) = (6, 2) (mod (8, 16)) so * that  -im, fact
(a, b, d) =.(6, 2, 2) " (mod (72,7144, 72)). -~ Using mod 64, d =2
(mod 16).  Hence .using mod 97, (@, d) = (6, 2) (mod (48, .96)).
Applying these results- and using mod 193 we- conclude \that
(a; b, d) = (6,2;,2) (mod (96, 64, 64)). - Using mod 128, a = 6. Thus
48 + 11°> =134, > 2. Using mod 1331, 4 = 332 (mod 1210) so. that
in fact d =332 (mod 3630) Hence we have a contradiction mod
3631.. :

THEOREM 3. The only solutions of .‘24‘+‘ 170 = 2¢ +'19¢ in
namzegatwe mtegers are given in Table 3. In thzs mble, ¢ denotes
an arbitrary nomzegatwe mteger

Table 3.
a b e, d
‘ e L 2 0 1 1oy 1

Proof. Let (@, b, ¢, d) be another solution. S
"“We will first show that &>0. Assume the contrary.” Then
94 1 =94 192 Using mod 9, @ =c. (mod 6), so that "using
mod 7, d =0 (mod 6). - Thus using mod 27, @ = ¢ (mod 18). . Hence
we have a confradiction mod 19. Therefore 5 >0. Conl
We will next show that d>0. Assume the contrary. Then
9e 1 1760 = 9¢ + 1. .Clearly - >0, ¢>4. Using moduli 17, 5
successively we get (@, b, ¢) = (7,0, 3) or (4, 1, 5) (mod (8, 4,.8)).
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Suppose (@, b, ¢) = (4,1, 5) (mod (8, 4, 8)). Using mod 32, u = 4,
so that using mod 64, ¢ = 5, a contradiction. Thus (g,%,¢)=(7,0, 3)
(mod (8 4, 8)). Using moduli 9. 7 successively we have (a, 8, ¢)
=(¢, 0, t) {(mod 6). Suppese ¢>7. Using mod 512, $=0 (mod 32)
se. that in fact $=0 (mod 96). ¥Hence using mod 97, #=c (mod 48),
a contradiction. Thus ¢ =7, 2° =127 + 17¢. Clearly d > 1.: Using
mod 289, ¢ =59 {mod 136). We have a contradiction mod 137.
Hence d >0. - »
- Clearly ¢ >0, ¢ >0, a~¢. We consider five cases.

Case 31. #=1. Then 2+ 17°=2°+ 192. Using mod 9, b is
even, ¢ =1 (mod 6). Thus using mod 16, @ =1 (mod 4), so that
using. mod 17 we have the following possibilities: 2°= 2 — 191+
(mod 17), =10, 1. Hence ¢ = 2 {mod 8), a contradiction.

Case 32. ¢=1 Then 264 17" =2 + 192, Using mod 8 we
conclude that @ is odd, @ =2. Thuas 2+ 17° = 19¢, so that using
mod 9, b is odd. Clearly 5> 1. Using mod 289, d = 33 (mod 136)
Hence using mod 137, » = 12 (mod 68), a contradiction,

Case 33. a=2. Then 4 + 17® = 2° + 194, From Case 3.2, ¢ > 2.
We have a contradiction mod 8. :

Cuase 34, ¢ = 2 Then 2¢+ 17” 4 +19% By Case 31, ¢>2.
We have a contradiction mod 8. A »

Case 35. a>3 and ¢ > 3. Using mod 8, d is even.

Suppose that & is even. Using mod 9, @ =c¢ (mod 6), so that
using mod 5, (@, b, ¢) = (0, 2, 2) or (2, 0, ) (mod 4), Thus using
mod 17 we conclude that (@, b, ¢) = (¢, 0, £) (mod 4) so that in
fact (@, b, ¢) = (¢, 0, ¢) (mod (12, 4, 12)). Hence using moduli 13,
7 successively we get (b, d) = (0, 0) (mod (6, 12)). Thus using
mod 27 we have a = ¢ (mod 18), so that we have a contradiction
mod 19.

Hence 4 is odd. Using mod 3, ¢ is 0dd, @ is even, so that using
mod 5, (@, b,¢)=(0,1,1) or (0,3 3) (mod4). Hence using
mod 17 we conclude that (@, , ¢, d) = (0, 1, 1, 0) (mod 4). Thus
using moduli 9, 7 successively  we. get (@, b, ¢, d) = (2, 3,1, 0),
(4,1, 50) or (4 3,5, 2) (mod 6). .Combining the above results
and using mod 13 we have (g, b, ¢, d) = (4, 1, 5, 0) (mod (12, 6,
12, 12)). Hence wusing moduli 27, 19 successively we get (a, b, €)
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= (4, 4, 5) (mod (18, 9, 18)) so that in fact (e, b, c} = (4, 13, 5)
(mod 36). Thus using mod 37, d =1 (mod 36), a contradiction.

By [2], Theorems 1, 2 and 3, it suﬂ’ices to solve the rest of the
eDe’s of (i) in positive integers. _CI,ear_Iy, a#c. . We let ¢ denote
an arbitrary positive integer. - ' ‘

THEOREM 4. The only somiums to 2“ + 3t = 2’ + 5¢ in posztwe
mteg*ers are gzven in Table 4. S '

Tameax,.-« T C
a b - c d
1. 3 2 2
2 1 1 1.
2 2 31
3 4 6 2
-5 2 4 2

Preof Tet (az l} c, @) be another solutlon ‘We consider five
cases. : : : :
Case 41. a=1. Then 2+ 30=2 454. From [2),- c>2.
Using mod 8, b is od&, ‘"d is odd. Hence we have a contradiction
mod 3. : a .
- Case 4£2. ¢=1. Then 2‘z + 8 =2+ 52° Suppose > 2. Using
mod 8, & is odd, & is even, so that We ‘have a contradiction mod 3.
Thus a=2,2 + 3 = 5¢, Clearly &> 1. Usmg mod 9, d =5 Cmod 6),
so that using ’modi, b=0 (mod 6). We have a contradiction
mod 13. ‘ - o '

Case 43. a=2 Then 4+ 3" =2° + 5% By Case 4.2, ¢>2.
Using mod 8, d is odd, 5 is even, so that using mod 5, (5, ¢)
= (2, 3) (mod 4). Further, using moduli 9, 7 suecess;i\;ely we. have
(b, ¢, d) = (0,1,5) or (2,3, 1) (mod 6). Cembining these results
aﬁd using mod 13 we get (b, ¢, d)=(2 3, 1) (mod 12). -Hence
using mod 16 we conclude that ¢ =3, 3° =4+ 5% b>2. Using
mod 27, d =13 (mod 18). Thus using med 19, 8=7 (mod 18), a
contradiction. '

Case 44. ¢=2 Then 2¢+ 3% =4+ 54 From Case 41, ¢> 2.
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Using mod 8, d is odd, b is even, Hence we have a contrad:ctlon
mod 3. : - o ' ‘ ' .
Case 45. >3 and ¢ > 3 Using mod 8, & is even, d is even.
Further, usmg mod 3, @ is add, ¢ is even. Thus usmg mod 5 we
have the followmg possibilities: (a b c) = (3, 0 2) or (1 2 0)
(mod 4).

‘We will show that @>3. - Assume the -contrary. . -Then
8 + 30 =2¢ 4 5. Thus (5, c) (O, 2) (mod 4). . Further, using
moduli 64, 17 successively we conclude that (b, c, d) = (4, 6, 2)
(mod (16, 8, 16)). Hence using moduli 18, 7 successively we have
(b, c, @) = (4, 6, 2) (mod (6, 12, 12)) so that in fact (b, ¢, d)
= (4, 6, 2) (mod (48, 24, 48)). Thus using mod 97, (¢, d) = (6, 2)
(mod (48, 96)). TFurther, using mod 193 we get (c, d) = (6, 2)
(mod (96, 192)). Combining these results and using mod 257 we
conclude that (b, d) = (4, 2) (mod 256). Hence using mod 256,
¢ =6. Thus 3* =56 + 5% d>2 Using mod 125, & = 84 (mod 100).
We have a contradiction mod 101. Hence a > 3.

' Suppose that (e, b, ¢) = (3, 0, 2) (mod 4).. Using mod 16, & =0
(mod 4), so that using mod 13 we have (@, b, ¢) = (3 1, 10)
(mod (12,.3, 12)).: Combining these results and using mod 9 we
get. d__O (mod 6) so that in fact (g, b, ¢, d) = (3, 4,10,-0)
(mod 12) ThlS yields a contradiction mod 7.

- Hence (a, b, ¢)=(1,2,0) (mod 4). Us1ng mod 16, d“2
(m.od 4) Thus using mod 17 we get (a b, c, d) = (5, 2, 4, 2) or
(, 10 0 10) (mod (8 16 8, 16)) Hence usmg mod 64 we conclude,
that (a b c, d) (5 2, 4, 2) (mod (8, 16 8, 16)) Usmg mod 32,
c= 4 so that using mod 64, @ = 5. Thus 16 + 3° = 54, b>2. Usmg
mod 27, d =8 (mod 18) so that in fact d =26 (mod 36) Hence
We have a contradlctlon mod 37

THEOREM 5 The only solutiomns of 20 4 gb = 9¢ + 114 in posztwe
mtegers are (a b ¢, d) (2 2 1 D, (4,1, 3, 1) (4 3, 5 1) cmd
(7 2 4, 2) :

Proof Let (a, b e, d) be another solutlon We consxder seven
cases. ’

“Case.5.1.- @ =1.. Then 2+ 3% =2°+ 114, Using mod 3, d is
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even, ¢ is ‘even. Thus using mod § we conclude that & is odd,

— 9 Hence 8% = 2 + 114, so that we have a contradiction mod 11
. Case 52. ¢=1 Then 2¢+ 3" =2+ 114 Using mod 3, d is
odd, @ is even.- Thus using mod 8 we conclude that "5 :is.even,
@=2. Hence 243" =114, d >1. We have a contradiction-mod -121.

Case 5.3. a=2. Then 4 + 3* =2°+ 114 From Case 5.2, ¢> 2.
We have a contradiction mod 8. : :

Case 54, ¢=2. . Then 2¢ 4 3% =4+ 114.. By Case 5.1,"a¢> 2.
We have a contradiction mod 8. =~ . . R G

‘Case 55. a=3. Then 8+ 3" =2°+ 114 Using mod 3, ¢ is
even, d is even. Thus using mod 4, b is even. Further, using
mod 5 we have (8, ¢) = (2,0) (mod4), so that using mod 16, d =0
(mod 4). Hence using mod 17 we conclude that (b,¢,d).= (2:4;0)
or (2, 0, 8) (mod (16, 8,16)). Therefore using mod 64 we conclude
that (b, d) =2, 0). (mod 16), ¢ =4. Thus 3% =8 + 119, so that
we have a contradiction mod 11. : .

" Case 56. ¢=3. Then 2¢+ 35=8 4114 ~ Using mod 3, d is
odd, @ is even. Thus using mod 5 we have (g, ) = (0,1) (mod 4),
so that using mod 16, d = 1 (mod 4). Hence using mod 17 we get
(a, b, d)=(4, 1, 1) or (0, 9, 13) (mod (8, 16, 16)). Therefore using
mod 64 we conclude that (b, d)= (1, 1) (mod 16), ¢ =4. Thus
8 + 8% =114, d > 1, so that we have a contradiction mod 121." " .

Case 5.7. a>4 and ¢ > 4. Using mod 8 we have the following
subcases: (b, d) = (0, 0) or (1, 1) (mod 2).

Subcase 57.1. (b, d) = (0, 0) (mod 2).- Using mod 3, ¢ is even,
a is odd. Hence using mod 5 we get (@, b, ¢) = (3, 2, 0) (mod 4),
so that using mod 16, d = 2 (mod 4). Thus using mod 17 we have
(a, b, c, d) = (3, 10, 0, 10), (3, 14, 0, 14), (7, 2, 4, 2) or (7, 6, 4, 6)
(mod (8, 16, 8, 16)). Therefore using mod 64 we conclude that
(a,b,d) = (7,2,2) (mod (8,16,16)), ¢ =4. Hence 2¢+3* =16 + 117,
so that using mod 193 we get (e, d) = (7,2) (mod (96, 64)). Thus
using mod 257, b = 2 (mod 256), so that using mod 256 we conclude
that ¢ =7 Hence 112 + 3* =114, b>2. Using mod 27, d =14
(mod 18) so that in fact d =50 (mod 72). Thus we have a
contradiction mod 73, ,

Subcase 5.7.2. (b,'d) = (1, 1) (mod 2).. Using mod 3, ¢ is odd,
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a is even. Hence using mod 5, 16 successively we have (@, &, ¢, &)
=(0,31 1)y or (0 1, 3, 3} (mod 4).

‘We will first show that ¢>4. Assume the contrary. Then
16 +3*=2°+119 b>1 Using moduli 9, 7 successively we get
(b, ¢, d)=(3, 5, 1) (mod 6). Thus using mod 37, (& ¢} = (3, 5)
(mod (18, 36)), so that using med 27, d =1 (mod 18). Hence
using mod 73 we have (4, d) = (3, 1) (mod (12, 72)), so that using
mod 13, €=5 (mod 12). Thus using med 17 we get (b, ¢, d)
= (3,5, 1) (mod (16, 8, 16)). Therefore using mod 64 we conelude
that ¢=53"=16+ 114 Clearly & >1, so that we have a
contradiction mod 121. Hence e > 4. T :

“We will next show that ¢>5. Assume the contrary. Then
22+ 3*=32+11. Thus (e b, d) = (0, 3,1) (mod 4). Hence
using moduli 9, 7 successively we have (a, b, d) = (0, 5, 5) or
(4, 3, 1) (mod 6) so that in fact (@, &, d) = (0, 11, 5} or (4, 3, 1)
(mod 12). Therefore using mod 13 we get (@, &, ) = (4,3, 1)
(mod 12). Thus using mod 73, (g, d) = (4, 1) (mod (9, 72)).
Combining these results and wusing med 17 we conclude that
(a, b, d) = (4, 3, 1) (mod (8, 16, 16)). This vields a contradiction
mod 64. Hence ¢ > 5. : :

Applying the ahove results and using mod 17 we have the
following table of possibilities mod (8, 16, 8, 16): EE

Table B. (a, b, ¢, d) mod (8, 16, 8, 16).

a b c d
0 13 3 3
0 1 7 11
0 5 7 15 .
0 7 1 5
0 11 1 9
0 11 5 5
4 9 3 3
4 13 3 7
4 7 11
4 1 13
4 5 1
4 15 5 13
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In each case we have a contradiction med 64.

THEOREM 6. The only solutions to 2¢ + 3% = 2° + 13¢ in positive
integers ave (a, b, ¢, d) = (1,3, 4, 1) and (3,2, 2, 1).

Proof. Let (o, b, ¢, @) be another solution. Using mod 3, @ is
o&d,’ ¢ is even. We consider four cases. '

Case 6.1. a=1 ‘Then 2 + 3* = 2° + 134 Using mod 13, (5, ¢)
=(0, 4) (mbd (3,12)). Thus using mod 8, & is od&,' & is odd. Hence
using mod 9, d =1 (mod 8) so that in faect (@, & d) = (3 4, 1)
(mod (6, 12, 6)). Therefore using mod 5, (5, ) = (8, 1) (med 4),
so that using mod 17,.(b, €) = (3, 4) (mod (16, 8)).  Combining
these results and using mod 97 we have (¢, d)=(4, 1) (mod (48, 96))
Thus using mod 32 we conclude that ¢=4, 3> =14 + 134 4>3.
Using mod 81, d =19 (mod 27) so that in fact d =73 (med 108) :
Hence we have a contradiction mod 109.

Case 6.2. ¢=2. Then 2% + 3> =4+ 132, From Case 6.1, a > 2.
Using mod 8, b is even, d is odd, ‘Thus using moduli 9, 7
successively we have (@, b, d)=(3 2, 1) or (1,0,5) (mod 6).
Hence using mod 13, (a,5,d) = (3,2,1) (med (12, 6,6)). Therefore
using mod 5, (b, d) = (2, 1) (mod 4) so that in fact (e b, d)
= (3, 2, 1) (mod 12). Thus using mod 16 we conclude that a =3,
4+ 3*=139, b=2. Using mod 27, d =7 (mod 9) se that in fact
d =25 (mod 36). Hence using mod 37, =0 (mod 18), a
contradiction. _ ~

Cgse 63. ¢=3. Then 8+ 3"=2°+13% By Case 6.2, ¢>2.
Using mod 13, (8, ¢) = (0, 8) or (2, 2) (mod (3, 12)). Thus wusing
moduyli 9, 7 suecessively - we conclude that (b,¢, d)=(2, 2 1)
(mod (6, 12, 6)). This vields a contradiction mod 8. ‘

Case 6.4, ¢a>5 and ¢ >4. Using mod 16, (4, d) = (0, Q) or
(2, 2) (mod 4). Hence using mod 5 we have ¢=c¢ (mod 4), a
contradiction.

THEOREM 7. The only solutions of 2¢ + 3% = 2¢ - 17¢ in positive
mtegersare (a b, ¢, d)—(zt 1,1, 1), (4 2 3, 1)y o0r (6, 4, 7, 1).

. Proof Let (a, b, ¢, d) be another solution.  We consuler five
cases. - ‘ ‘
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Case 71. a=1. Then 2+ 8% =2°+ 174 " Using ‘mod .8 we
v conclude that b is odd, ¢ =2. Thus 3 =2+17% 5> L We‘ have
a contradiction mod 9. R L
Case 72, ¢=1. Then 29+ 3 =2+ 174 Using mod 3, d is
odd, @ is even. Hence using mod 16 we get b =1 (mod 4), a> 2.
Thus using mod 5, (@, d) = (0, 1) (mod 4), so that using mod -17,
(a, b) = (4, 1) (mod (8, 16)). Therefore using mod 32 we conclude
tha_t a =4,14 + 3" =174, b>1. We have a contrad1ct1on mod 9.
" Case 73. a=2. Then 4 + 3" =2°+ 177 Fromu,Case»f/_'_.Z, c>2.
We have a contradiction mod 8. ST A
"Case 74. ¢=2. Then 2¢ +.3% = 4 + 170Z By Case 71, a> 2.
We have a contradiction. mod 8, o S :
Case 75. @ >3 and ¢:>"3. Using mod 8, b is even. We cons1der‘
the following.subcases: d =0 or 1 (mod 2). :
Subcase 751. d =0 (mod 2).. Using mod 3, & is odd, ¢ is
eveén. Thus using ‘mod- 5 we get (a; b, ¢,;,d)=(1,0,2,2) or (3,2,0,0)
('mod”4)' -Hence using mod 17 we- conclude - that (e, b,¢c, d)
= (7,2, 0, 0) or (3,10, 4, 0) (mod (8, 16, 8, 4)) In each case we
have a contrad1ct1on mod 64. - ‘ S
- Subcase 7. 52 d=1 (mod 2). Using mod 3, ¢ is 0dd, ¢ is even.
Therefore using- ‘moduli - 9, 7 successively we “have (a; b, ¢, d)
=(0, 4, 1,1), (4, 2, 3, 1) or (4, 4, 3, 5) (mod 6). Thus using mod 13
Weget(abcd) (4231)0r(6471) (mod(12612 6)),
so that using mod 5, (a b ¢, d) (4, 2, 3, 1) or (6,4,7, 1)
(mod 12): ‘ cne Lo e
~Suppose that (a, b ¢, d) = (4 ,2,3,1) (mod'12). Using mod 16
we have ¢= 3 96130 =8 4172 Hence using ‘mod 17, (a b)) = (4' 2)
(mod (8, 16)). - Applymg these results  and usmg mod 32 we
conclude that g = 4 8 +38 =174, b>2- Usmg ‘mod 27 d= 5

{mod 6), a contradiction. -

Therefore (@, b, ¢, d) = (6, 4, 7, 1) (mod 12). Using ‘mod 17
we get (a, b, ¢) = (6, 4, 7) or (2,12, 3) (mod (8 -16, 8)) Applying
these results and using mod 64 we have (q,.b, ¢, d) (6, 4,v,7, 1),
(mod (8, 16, 8, 4)) so that in fact (a, b, ¢ d)=(6, 4,7 1)
(mod (24, 48, 24, 12)). Hence using mod 97, (e, ¢; d) = (6,7, 1)
or (30, 7, 25) (mod (48, 48, 96)). Thus using mod 193 we get
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(a, ¢, d) = (6,7, 1) (mod (96, 96, 192)), so - that using mod 257,
b =4 (mod 256). Therefore using mod 128 we have a = 6, 'so that
using mod 256, ¢ =7. Thus 3% =64+ 174, d>1. Using mod 289,
b =52 (mod 272). Hence using mod 137, d =6 (mod 68), a
contradiction. : L SR :

. THEOREM 8; The only solutzons to 2¢ + 3 = 2‘ + 19" z'n pasztwe
integers are (a, b, ¢, d) = (1 4 6, 1) (3 3 4 1) (5, 1 4 1) or
(5,58 1. '

“Proof. Let (a, b, ¢, d) ‘be another solution.- Using ‘mod 3, ais
odd, ¢ is even. We consider four cases. .
"Case 81. a=1. Then 2 + 3% =2°+ 19%. Clearly > 2 Using
mod 9,-¢=0 (mod 6). Thus using mod 8, d is odd, b is even, so that
» using -mod 5, (b, ¢) = (0, 2) (mod 4). Combining these results and
using’ mod 13 we-get (b, ¢, d) = (1, 6, 1) (mod (3, 12, 12)) so ‘that
in fact (b,¢,d) = (4, 6,1) (mod 12). .Hence using mod 17, (b, ¢, d)
=(4, 6,1) or (12, 2,.1) (mod (16, 8, 8)) 'so that in fact (4, ¢, &)
=(4,6,1) or (28,18,1) (mod (48, 24,24)).  Therefore using mod 769
we conclude that (b, ¢, d) = (4, 6, 1) (mod (48,.384, 24)), Thus
using mod 193 we have d =1 (mod 192), so that using mod 257,
(b, d) = (4, 1) (mod 256). Hence using mod 128 we conclude that
c=6, 35 =062+199 d > 1. Using mod 361, b =.76 (mod 342), "Thus
we have a contradiction mod 229. :
"Case 82. ¢=2. Then 2¢+ 3” 4 + 194 Frdm- Case 8.1,3 a>2.
We have a contradiction mod-8. R L
Case 83. @=3 Then 8+ 3 =2°+192 - By Case 82, ¢>2.
Using mod 8, b= d (mod 2). Clearly 5>1 Hence using mod 9
we have ¢.= 4 (mod 6), so that using mod 5, (b, ¢, d) = (2, 0, 0)
or (3,0,1) (mod (4, 4,2)). Applying these results and using
moduli 18, 7-successively we get (b, ¢, d) = (3,4, 1) or (2, 4 0)
(mod (6, 12, 12)). Thus using moduli 19, 27 successively’ we have
(6, ¢; d) = (3, 4, 1) (mod (18, 18, 3)) so that in fact (b, ¢, d)
= (3, 4, 1) (mod (36, 36,.12)). Therefore using mod 17 we get
(b, ¢, d) = (8,4, 1) or (15, 4, 5) (mod (16, 8, 8)). Combining these
restults and using mod 97 we have (8, ¢;d) = (3,4, 1) or (15, 4, 5).
(mod (48, 48,'32)). Hence using mod 64 we conclude that ¢ =4,
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(b, ) = (3,1) (mod (48,32)). Thus (4, d) = (3,1) (mod (144, 96))
3” =8 + 194, b>3. Using mod 81, d =4 (mod 9) se that in factk
=13 (mod 36). We have a contradiction mod 37.

Case 84. a>5 and ¢ > 4. Using mod 8 we have the following
subcases: (b, ) = (0, 0) or (1, 1) (mod 2).

Subcase 8.4.1. (b, d) = (0, 0) (mod 2). Applying the above
results and using moduli 5, 16 successively we havé (e, b, ¢, d)
=(3,2,0,2) (mod 4). Hence using mod 17 we have the following
possibilities: 3% = 2% + 192+4m — 93+ (mod 17), B, m, # =0,1. Thus
8=9, 13,15 12, 4, 1, 5 or 7 (mod 16), each of these comgruences
is a contradiction.

Subcase 84.2. (b, @)= (1, 1) (mod 2). Applying the above
results and wusing moduli 5, 16 successively we have (&, b, ¢, d)
=(1,1,0,1) or (3 3 0,8 (mod 4). Hence using mod 17 we
conclude that (@, b, ¢, d)=(5,1, 4, 1), (5,5, 0, 1) 1,9 0,5) or
(1, 13, 4, 5) (mod (8, 16, 8, 8)).

We will show that ¢ > 4. Assume the contrary. Then 2% 4 3
=16 + 194. Suppose b>1. Using mod 9, ¢ = 3 (mod 6). Applying
the above results and using mod 13 we have (@, &, d)=(9, 1, $)
or (9, 2, 11) (mod (12, 3, 12)) so that in fact (@, b, €)= (9, 1, 9)
or (9,5, 11y (mod (12, 6, 12)). In each case we have a contradiction
mod 7. Thus b=1, 2°=13+19%4 @ >35  Applying the above
results and using moduli 9, 7 successively we get (@, d) = (5, 1)
(meod 6) so that in fact (@, d) = (5, 1) (mod 24). Hence using
mod 97, (e, d) = (5, 1) (mod (48, 32)), so that we have a
contradiction mod 64. ‘Therefore ¢> 4.

Applying the above results and using meod 32 we Qéonclude that
(@, b,c,d)=(5,50,1) or (1,9 0,5) (mmod (8, 16, 8, 8)). Thus
using moduli 13, 7 successively we get (g, 8, ¢, d) = (9, 3, 6, 9),
(1, 1, 4, 5), (5, 1,4,5), (1,5,8,5) or (5,5,8, 1) (mod (12, 6, 12, 12)).
Combining the above results and using mod 9 we have (@, b, ¢, d)
=(5,5, 8 1) (mod (12, 6, 12, 12)) so that in fact (e, &, ¢, &)
= (5,5, 8 1) or (17, 41, 8, 13) (mod (24, 48, 24, 24)). Hence using
mod 97 we conclude that €@, b, ¢, d) = (5, 5, 8, 1) (mod (48, 48, 48,
32)). Thus (@, b, ¢, d)= (5,5, 8, 1) (mod (48, 48, 48, 96)), so that
using mod 64 we conclude that @ =5, 32 + 3% = 2° + 199, Hence
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using mod 193, (¢, d) = (8, 1) (mod (96, 192)). Applying these
results and using mod 257 we conclude that (B, d) = (5, 1) or
(133, 193) (mod 256). Suppose ¢>8. In each case we have 2
contradiction mod 1024. Therefore ¢ =38, 3* =224 + 199, $>5.
Using mod 729, & = 28 (mod 81) so that in fact d = 109 {mod 162).
Hence using mod 163, # = 4 {mod 162), a contradiction.

THEOREM 9. The only solutions of 2¢+ 5° =2° + 7 in positive
integers are (a, b,¢,d)=1(2,1,1,1) and (5, 2, 8, 2).

- Proof. Let (uw, b, ¢, d) be another solution. We consider five
cases.

Case 91. a=1Then 2 +5°=2¢4 74 Using mod 3, & is
even, ¢ is odd. Thus we have a contradiction mod 8.

Case 9.2. ¢=1 Then 2°+5°*=2+74 From [2], a>2.
Using mod 8, € is odd, b is even. Hence using mod 5, (¢, d)=(2, 1)
(mod 4), so that we have a contradiction mod 3.

Case 93. a=2. Then 4 +5*=2°4+ 74 By Case 9.2, ¢>2.
Using mod 8, b is odd, 4 is even. Thus using mod 5, (¢, d) = (3, 0)
(mod 4). Further, using mod 7, (4,¢)=(1,1) (mod (6, 3)).
Combining these results and using mod 9 we get (¢, d) = (1, 1)
{mod (6, 3)) so that in fact B, ¢, &) = (1,7,4) or (7,7, 4) {(md 12).
In each case we have a contradiction mod 13.

Cuse 94. ¢ =2, Then 2¢+ 5 =4+ 74, From Case 9.1, a> 2.
Using mod 8, d is even, & is odd. Hence we have a contradiction
mod 3. .

Case 95. a>3 and ¢ > 3. Using mod 8, b is even, d is even.
Thus using mod 3, @ = ¢ {mod 2). Therefore using mod 5 we have
the following subcases: (@, ¢, d) =3, 1, 6) or (1,'3, 2) (mod 4)

Subcase 95.1. (a, ¢, d) = (8, 1, 0) (mod. 4). ‘

We will show that # > 3. Assume the contrary. Then 8 4 5?
=2°+ 74 Using mod 16, # =2 (mod 4). Combining the above
results and using mod 7 we have (b, ¢) =0, 1) (mod 46, 3)) so
that in fact (8, ¢) = (6, 1) (mod 12). Hence using mod 13, d =3
{mod 12), a contradiction. Therefore ¢ > 3. ‘

Applying the above results and wusing mod 382, H=0 (m@d 8),
so that using mod 17 we have the following possibilities:
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74 = 93+4k L GBn . Ol+dm (mod 17), &, #, m =0, 1. - Hence d =1, 14,

5 15,6, 13, 9 or 7 (mod 16), each of these congruences is a

contradiction. . SRR
Subcase 95.2. (a, ¢, d) = (1, 3,2) (mod 4). _

" We will show that ¢ > 3. ‘Assume the contrary. Then 2%+ 5°
=8 + 74, Applying the above results and using. mod 32 we have
b= 2 (mod 8), so that using mod 17 (a b, d) (5, 2,2) or
(1 2,'10)" (mod (8, 16 16)) Thus usmg mod 64 we conclude that

=5 (b, d) =12, 2) ‘(mod 16).  Hence 24 + 5b = 74, b>2. Usmg
mod 125; d =6 (mod 20) so.that we have a contradlctlon mod 11.
Therefore ¢ > 3. o
- -‘Applying the above results and using mod 32 we get b =4
(mod 8), so that using mod 13, (g, ¢, d) = (5, 3, 6) or (9,11, 6)
(mod 12).  Thus- using mod 7 we conclude that (e, b, ¢, d)
= (5, 2, 3, 6) (mod (12, 6, 12, 12)). This yields- a contradiction
mod 9.

THEOREM 10 The only solutzons fo 2% + 5" = 2¢ 4— 11‘1 in posztwe
megersare(abcd) (1241) (3111) (2332) (3492)
and (7, 2, 5, 2).

‘ Proof. Let (a, b, ¢, d) be another solution: We  consider .five
cases. S : ,
Case 101. a=1. Theén 2 +5°=2°4 114 Using mod 5,
¢ =0 (mod 4), so that using mod 3, & is even, d-is odd. Thus
using mod 16, (4,d) = (2,1) or (0, 3) (mod 4). Hence using mod 13
we get (b, ¢, d) = (0, 0, 7). or (2, 4, 1) (mod (4,12,12)). Therefore
using moduli. 9, 7 successively we conclude that (b,¢c, d) = (2,4,1)
(mod (6, 12, 12)). . Combining these- results and using mod 17 we
have (b, ¢, d)=(2,4,1) or (10,0,5) (mod (16, 8, 16)). - -Hence
using mod 64 we conclude that ¢ =4, (5, d) = (2, 1) (mod 16).
Thus 5% = 14 + 119, > 2. Using mod 125, d = 11 (mod 25) so that
in fact. d =61 (mod 100).. Therefore we have a contradiction
mod- 101 - ; o . Ay :
Case 10.2. ¢=1. Then 24+ 5° =2 + 114. Using mod 5, ¢ =3
(mod 4). Using mod 8, & is odd, d is odd. Thus using mod 13 we
conclude that (a,8,d) = (3,1,1) (mod (12,4, 12)). Therefore using
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mod 16 we have ¢ =3, 6+ 5% =11¢"p>1. Using mod 31 wé get
(8, d) = (1, 1) (mod (3, 30)). This yields a contradiction mod 25.
- ‘Case 103. a=2. Then‘4’+‘5” = 2¢ 4+ 114, By Case 10.2, ¢>2.
‘ ‘" Usmg mod 8, b is odd, d is even. Usmg ‘mod 5, ¢ = 3 (mod 4).
Suppose ¢>3. Using mod 16, (b, d)'= (1,72) or (3, 0) (mod 4).
Applying these results and using mod 13 we conclude that (3, ¢, d)
= (3, 7, 0) (mod'(4, 12, 12)). ~ Hence using mod 61 we have (b, ¢)
= (3, 7) (mod (30,60)). This yields a contradiction mod 11, Thus
¢=3,5"=4411% p>3. Using mod 625, d =52 (mod 125) : so
that in fact d =52 (mod 250) ‘T-herefo‘re" we wha’ve a contradiction
mod 251... 0 ° S : ' : . R
Case 104. "¢=2. Then -2¢ + 5" -4 + 114, We - have a
contradiction mod- 5. -~ LT
Case 105. @ >3 and¢>3. Usmg mod 8- b 1s even, d is even.
Thus usmg mod3, a=c¢ (mod 2), so that usmg mod 5, (a c) (3 1)
(mod 4) ~ :
We W1H show that a > 3 Assﬁmeﬂ 'the‘ “ contrary ' Then
8 + 5” 2¢ 4 11" Combmmg the above results and ‘using - ‘mod 16
we have (b, ¢, d)= = (0, 1 2) or (2 1 O) (mod 4). ‘Hence using
mod 13 ‘we get (b ¢, d) = (O 9,2) or (2 5, O) (mod (4, 12 12))
‘Therefore using mod 9 we have (b ¢, d)= (4 9, 2) or (2, 5, 0)
(mod (6, 12, 12)) so that in fact (8, ¢, d) = (4 9,2) or (2,5,0)
,(mod 12) Suppose that (4, ¢, d)=(2,5,0) (mod 12) Thus using
mod 61 we get (b, ¢) = (2, 5) (mod (30, 60)) This. y1e1ds a
contradiction mod 11. Hence (b, ¢, d)=(4,9, 2) (mod 12). Thus
using mod 17 we' have (b, ¢, d) = (4, 1,:2) or (8, 5, 14).(mod (16,
8, 16)) so that in fact (b, ¢, d) = (4, 9, 2) or (40, 21, 14) (mod (48,
24, 48)). Hence using mod 97 we conclude that (b, ¢, d)=(4, 9, 2)
(mod (96, 48, 48)). Thus using mod 193 we get (b, ¢, d)=(4, 9, 2)
(mod (192, 96, 64)). Applying these results and using mod 769 we
conclude that (b, ¢; d) = (4, 9,/2) (mod (128, 384, 768)). = Hence
using -mod 257 we have & =4- (mod 256) so that in’ fact (b, ¢, 4)
=(4, 9, 2) (mod (768, 384, 768)). . Therefore using mod 1024 we
conclude . that ¢ =9, 5> =504 + 114, d > 2. Using mod 121, 5 =4
(mod 55) so that in fact & =4 (mod 66). Thus using mod 23; d =2
‘(mod 22), so the using. mod 727 we conclude that (b, d).= (4, 2)
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{mod (726, 242)). Hence using mod 1331, & = 444 (mod 605), a
contradiction. Thus ¢ > 3.

Applying the above results and using mod 16 we get (@, b, ¢, d)
=(3 0,1 0)or (3 2 1, 2) (mod 4). Therefore using mod 17 we
conclude that (a,b,¢,d) =(8,2,1,2) (mod 4). Hence using mod 13
we have (@, b, ¢, d) =(7, 2,5, 2) or (11, 2, 1, 2) (mod (12, 4, 12,
12)), so that using mod 7, (@, b, ¢, d) = (7, 2, 5, 2) (meod (12, 6,
12, 12)). Therefore using mod 61 we conclude that (@, 8, ¢)
= (7,2,5), (19, 26,53) or (43, 20,29) (mod (60, 30, 60)). Combining
the above results and using mod 31 we have (g, b,¢,d) =(7,2,5,2)
(mod (60, 30, 60, 30)) so that in fact (a, b,¢, d)= (7,25, 2)
(mod 60). Hence using mod 241 we conclude that (=, b, ¢, d)
= (7,2, 5, 2) or (19, 22, 17, 26) (mod (24, 40, 24, 48)). Combining
these results and using mod 17 we have (q, b, ¢, d) = (7, 2, 5, 2)
(mod (24, 40, 24, 48)), b = 2 {mod 16) so that in fact (a, b, ¢, d)
= (7, 2,5, 2) (mod (24, 48, 24, 48)). Therefore using mod 64 we
conclude that ¢ =5, 2¢ + 5 = 32 + 114. Thus using mod 97, (@, b)
= (7, 2) (mod (48, 96)), so that using mod 193 we conclude that
(a, b, d) = (7, 2, 2) (mod (96, 192, 64)). Hence using mod 256 we

conclude that ¢=7, 96 + 50 =11¢, b>2. Using mod 125, & =12
(mod 25) so that in fact d = 62 (mod 100). Therefore we have a
centradiction mod 101.

THEOREM 11. The tmly solutions of 2¢ + 5* =2° + 137 in positive
mtegersafe (a, b,c,d)=1(2,2,4,1), (4,1, 8,1) and (4, 3, 7, 1).

me Let (@, b, ¢, d) be another solution. Using med 4,
a>=2,¢>2 ~We consider five cases. ‘ )

Case 111. a=2. Then 4 + 5?=2°+ 139, Using mod 3, d=¢
{mod 2). Thus using mod 13 we get (B, ¢) = (2, 4) (mod (4, 12)),
so that using mod 5, d =1 (mod 4). Hence using mod 7, 5 =2
{mod 6), so that using moed 9, d =1 (mod 3). Combining these
results and using mod 17 we have (8, ¢, d) =2, 4, 1) (mod (16,8, 4))
so that in fact (8, ¢, d) = (2, 4, 1) (mod (48, 24, 12)). Thus using
mod 97, (b, ¢, &) =1(2,4, 1) or. (50, 28, 25) (mod (96, 48, 96)).
Hence using mod 193 we «conclude that (b, ¢, d) =12, 4, 1)
(mod (192, 96, 64)). Therefore using mod 32 we have ¢ =4, 5°
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=12 + 1374, b > 2. Using mod 125, d = 81 (mod 100). This yields
a contrachctwn mod 101.

Case 112, ¢=2. Then 2“-!- 5” 4+ 134, Usmg mod 3, a is
even, b is even. Thus using mod 13, (@, b) = (4, 0) (mod (12, 4)),
so -that  using mod 16, d=1 (mod 4). . Hence we - have a
contradiction mod 5. : ) ‘

‘Case 11.3.. @ =3. Then 8 & 50 = 9¢ + 132, Using mod 3, & is
even, ¢ is odd. Thus using mod 5, (¢, d) = (1, 0) (mod 4), so that
using - mod 16, =2 (mod 4). Hence using mod 13. we have
(b, ¢) = (2, 11) (mod (4, 12)), a contradiction. ; T

Case 114. ¢=3. Then 2°+ 5" =8 + 1372 Using mod 3, @ — b
is odd, so that using mod 13, (a, b) = (11, 0) or (4,1) (mod (12; 4)).
Thus using mod 5 we have (3, ¢, d) = (4, 1, 1) (mod (12, 4, 4)).
Hence wusing moduli 7, 9 successively we get b,d)=(1, 1
(mod (6, 3)). Applying these resuits and using mod 17 ‘we have
(g, ) =(4, 1) or (0, 13) (mod (8, 16)) so that in fact (a, b, d)
=(4,1,1) or (16, 13, 1) (mod (24, 48, 12)). Thus using mod 97
we conciude that (e, b, d) = (4,1, 1) or (28,49, 37) (mod (48, .
96, 96)). - Thus using mod 193 we have (g, b, d) = (4, 1, 1)
(mod (96, 192, 64)). Therefore using mod 32 we conclude that
@a=4,8+5"=13% b>1 Using mod 25, d = 17 (mod 20) so that
in fact d =7 (mod 30). Hence we have a contradiction mod 31.

~ Case 115. a>4 and ¢ > 4. Using mod 16, (4, d) = (1, 3), (3, 1),
(0, 0) or (2, 2) (mod 4). Thus using moduli 3, 5 successively we
have (e, b,¢,d)=(0,3,3,1),(2,1,1,3), (30,1, 0 or (1, 2,3,2)
(mod 4). - Therefore using mod 13 we conclude that (g, b, e, d)
=(10,1,1,3) or (4,3 7, 1) (mod (12, 4, 12, 4)). Hence using
mod 17 we get (@, b, ¢, d) = (4, 3, 7, 1) (mod (8, 16, 8, 4)) so that
in fact (a, b, ¢, d) = (4, 3, 7, 1) (mod (24, 16, 24, 4)). Thus using
moduli 7, 9 successively, (8, d) = (3,1) (mod (6,3)) so that in fact
(8, d) = (8, 1) (mod (48, 12)). Applying these results and using
‘mod 97 we have (4, b, ¢, d) = (4,3,7,1) or (28,51, 31,49) (mod (48,
96, 48, 96)). Therefore using mod 32 we conclude that g=4,
16+ 5°=2°4 139, (b, ¢, d)=(3,7,1) (mod (96, 48, 96)). Hence using
mod 193 we get (8, ¢, d) = (3,7,1) (mod (192, 96, 64)). Thus using
mod'256 we get ¢ =7, 5* =112 + 134, d > 1. Using mod 169, 5 = 47
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(mod 52),  This yields a contradiction mod 53. °

THEOREM 12. The only solutions to 2¢ + 5” 2‘ + 17“’ in posztwe
mtegers are (a, b, c, d) (4 1,2 1) and (3, 2, 4, 1)

Proof. Let (a, b, ¢, d) be another solution. Using mod 4,
a>2 ¢c>2 We consider five cases. R Sl

"Case 121 a = 2. Then 4 + 5% = 2¢ + 174, "Using mod 8,5' b is
odd, so that using mod 3, ¢ —d is odd. Thus using -mod 5, (¢, d)
=-(0, 3) or (3, 0) (mod 4). Hence usilig mod 17 we conclude that
(b ¢, d)=(9, 4, 3), (5,0,3) or (1, 7,0) (mod (16 8, 4)) In each
case wé have a -contradiction mod 16, ' o

“Case 122. ¢=2. Then 2¢+ 50 =4+ 174 Usmg mod 8, b is
odd, so that using mod 3, d is odd, ¢ is even. Thus usmg mod 5
(a d) = (0, 1) (mod 4). Hence using mod 17 we get (a b, d)

= (4,1, 1) or (0, 13, 1) (mod (8, 16, 4)). Therefore using moduli
18, 7 successively we have (g, b, d) = (4, 1, 1) (mod (12, 12, 6)) so
that in fact (a, b, d) = (4, 1, 1) or (16, 13, 1) (mod (24, 48, 12)).
Thus using mod 97 we conclude, that (@, b, d) = (4,1,1) (mod (48,
96, 96)). Hence using mod 32 we -get @ =4, 12 +5* =17%, 6 >1.
Using mod 25, d= 13 (mod 20). Therefore We have a contradiction
mod 11. - LT e
Case 123. @ =3. Then 8 + 5% =2° + 177, F'romACése 12.2, ¢>3.
Using mod 16; 5= 2 (mod 4), so that using mod 3, ¢ —d is odd.
Hence - using - mod 5 we have (¢, d) = (0,1) or (1, 0) (mod 4).
Combinihg~ these results and using mod:17 we conclude that
(8, ¢, d).= (2, 4, 1) (mod (16, 8,4)). Thus using mod 32 we get
¢c=4 5"=8+17¢, b>2 Using mod 13, d =1 (mod 6). . Hence
using mod 125, d = 61 (mod 100) so that in fact d = 61 (mod 600)
This yields a contradiction mod 601.

Case 12.4. ¢=3. Then 2¢ + 5* =8 + 17¢. By Case 121, a>3.
Using mod 16, 5 = 2 (mod 4), so that using mod 3, d is even, a is
odd. " Thus using mod 5, (a,-d) = (1, 2) (mod 4). Hence using
mod 17 we have the following possibilities: 5° = 8 — 21+* (mod 17),
k=0, L Therefore b= 3 or 7 (mod 16), each of these congruences
is ‘a contradiction. :

-Case 125. a>=4andc >4. Usmg mod 16, 6 =0 (mod 4) “Thus
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using moduli 3, 5 successively we have (g, ¢, d) = (3,1, 0), (1,3, 2),
(3,0, 1) or (1,2, 3) (mod 4). Hence using mod 32 we conclude
that (e, ; ¢, d) = (3, 0,1,0), (1, 0, 3, 2); (3, 4,0, 1) or (1, 4,72, 3)
(mod (4, 8, 4, 4)). Consideration of our eqguation mod 17, in each
case we have a contradiction.

' _.THEOREM 1. The only solutions of 2¢ + 5% — 2 + 194 in positive
integers are (a, b,c,d)=1(1,2, 3, 1) and (4, 1, 1, 1).

. Proof. Let (a, b, ¢, d) be another solution. We consider five
cases. ‘ ’ . ' '

Case 131 a=1 Then 2 + 50 =2° + 194, Uemc mod 3, ¢is
odd b is even SO that using mod 8, d is odd. Thus uemg mod 5
c :3 (mod 4). C_omblmng these vresuli_:s and using moduli 13, 7
successively we conclude that (b, ¢, d)=(2, 3, 1) (mod 12).
Therefore using mod 16 we have ¢ =3, 5* =6 + 19", b>2. :‘ Using
mod 125,-d = 31  (mod 50) so that in fact d = 181 or 481 (mod 600).
In each case we have a contradiction mod 601. ‘

Case 132. ¢=1  Then 2¢ + 5* =2 + 19¢. Using mod 3, a—b
is odd. Usmg mod 8, d is odd, so that using mod 5 = 0 (mod 4).
Hence using moduli 13, 7 successively we get (a, b, d) = (4, 1, 1)
or (0,3, 7) (mod12). Thus using mod 9, (b, @) = (4 1, 1)
(mod 12). Hence using mod 17 we have (a, b, d) = (4, 1, 1) or
(0, 13, 1) (mod (8, 16, 8)) so that in fact (@, b, d)=(4, 1, 1) or
(16 13, 1) (mod (24 48, 24)) Thus using mod . 97 we. get. (a b, d)

(4 1 1) or (16, 61 25) (mod (48 96, 32)) Applymg these
results and using mod 193 we ‘conclude that (a b ad) = (4 1 1)
(mod (96, 192, 192)). = Therefore using .mod 32 we have a =4,
14 + 52 =199, p>1. Using mod 25, d = 7 (mod 10) so that in fact
d =7 (mod 30). This yields a contradiction mod 31. ,

Case 13.3. .a=2. Then4 + 5% =2° 4+ 194  From Case 13.2¢> 2.
Using mod 8, & is odd, d- is even, so that using mod 5, ¢ = 3 (mod 4).
Hence using moduli 13, 7 successively, (b, ¢, d) = (3,7, 0) (3, 3, 10)
or (1, 3, 0) (mod 12), so that using mod 9, (b, ¢, @) =(8, 7, 0) or
(1,3, 0) (mod 1%). "~ Thus using moduli 27, 37 successively we- have
(5, ¢,d)= (3,7, 0) or (1,3, 0) (mod 36). In each case we have a
contradiction mod 19. L PR
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* Case 134. ¢=2. Then 2¢ + 5> =4 + 194, Using mod 5, (a, d)
= (3, 1) (mod (4, 2)). Hence we have a contradiction mod 3.

Case 135. a>3 and ¢ > 3. Using mod 8, b is even, d is even.
Thus using mod 3, a=c¢ (mod 2), so that using mod 5, (a, ¢)
= (3, 1) (mod 4). S : L '

‘We will show that #>3. Assume the contrary. Then
8 + 5% = 2° + 19¢. Applying the above results and using mod 16 we
have (b, ¢, d) =(0, 1, 2) or (2, 1, 0) (mod4). Hence using mod 17
we conclude that (8, ¢, d) = (2, 5, 0) (mod (16, 8,8)). Thus using
mod 13, (¢, d) = (5, 0) (mod 12). Combining these results and
using mod 7, =2 (mod 6) so that in fact (b, ¢, d) = (2,5, 0)
(mod (48, 24, 24)). ‘Therefore using mod 97 we have (b, ¢, d)
= (2, 5, 0) (mod (96, 48, 32)). Hence using mod 64 we conclude
that - ¢ =5, 5 =24 +194. Using mod 19, =1 (mod 9), a
contradiction. Thus ¢ > 3.

Applying the above resuits and using mod 16 we have (a b, c, d)
=(3,0,1,0) or (3 2 1,2) (mod 4). Hence using mod 17 we
conclude that (a, b, ¢, d) = (7, 6, 5, 6) or (3, 14, 1, 2) (mod (8, 16,
8 8)). Therefore using mod 32 we get (@, b, ¢, d) = (3, 14, 1, 2)
(mod (8, 16, 8, 8)). Thus using mod 13 we have (@, b, ¢, d)

= (7, 2,5, 10) or (11, 2, 1, 10) (mod (12, 4, 12 12)). Hence using
mod 7, (a, b, ¢, &) = (7, 2, 5, 10) (mod (12, 6, 12, 12)). This vields
a contradiction mod 9. '

“THEOREM 14, The tmly solution 1o 2¢ + 7° = 2¢ + 117 in posztwe
mtegers is (@, b,¢,d)=(31, 2, 1).

. Proof. Let (a, b, ¢, d) be another solution. We consider five
cases. : : ‘ _— S
_ Case 141. a=1. Then 2 + 7° =2¢ + 114, Using mod 4, b — ¢

is odd. Using mod 7, (¢, @) = (0, 0) (mod 3). Thus using mod 9,
(b, ¢, d)=(1,3,0) or (1,0,3) (mod (3,6,6)), Hence using mod 13
we have (b, ¢ d)= (10,0, 3) or (1, 3, 0) (mod 12). Therefore
using mod 5 we conclude that (8, ¢, d) = (1, 3, 0) (mod 12). Thus
using mod 16 we get ¢=3, 7°=6+ 114 Using mod 11, 4 =7
(mod 10) so that in fact 5 =7 (mod 30). Hence using mod 31,
d =19 (mod 30), a contradiction. o
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Case 142. ¢=1 Then 2¢+ 7 =2 + 114, Using mod 3, € is
even, ¢ is odd. Thus we have a contradiction mod 8. ,

Case 14.3. a=2. Then 4 + 7" =2°+ 114, Using mod 3, ¢ is
even, d is even. Hence we have a contradiction mod 8.

Case 144. ¢=2. Then 2¢+ 70 =4 + 114, By Case 14.1, a>2.
Using mod 8, d is odd, b is odd, so that using mod 3, ¢ is odd.
Thus using mod 7, (@, d) = (0, 1) (mod 3) so that in fact (g, )
= (3, 1) (mod 6). Hence using mod 9, b =1 (mod 6), so that using
mod 13 we have (g, b, d) = (3, 1, 1) (mod 12). Therefore using
mod 16 conclude that ¢=3, 4+ 7" =114, b>1. Using mod 49,
d = 16 (mod 21). This yields a contradiction mod 43.

Case 145. a >3 and ¢ > 3. Using mod 8, b is even, d is even.
Thus using mod 3, a=c¢ (mod 2). We consider the following
subcases: 5 =2 or 0 (mod 4).

. Subcase 1451. b=2 (mod 4). Using mod 5, (a, ¢) = (0, 2)
(mod 4), so that using mod 16, d =0 (mod 4). Combining these
" results and using moduli 7, 9 ‘successively we have (a, b, ¢, d)
=(4,20,0), (0,0, 2 4) or (2,1, 4,2) (mod (6,3, 6,6)) so that
in fact (e, b, ¢, d) = (4,2,6,0), (0,6,2,4) or (8 10,10,8) (mod 12).
Hence using mod 13 we conclude that (a, b, ¢, @) = (4, 2, 6, 0)
(mod 12). Thus using mod 19, (a, ¢) = (4, 6) (mod 18), so that
using mod 73 we get (b, d) = (2, 0) (mod (24, 72)). ‘Therefore
using mod 32 we conclude that @ = 4, 16 + 7% = 2° + 114, Combining
the above results and using mod 17 we have (b, ¢, d) = (2, 6, 0)
(mod (16, 8, 16)) so that in fact (8, ¢, d) = (2, 6, 0) (mod (48, 24,
48)). Hence using mod 97, (b, ¢) = (2, 6) (mod (96, 48)). Thus
using mod 193 we get (¢, €)= (6, 0) (mod (96, 64)) so that in
fact (B, ¢, d) = (2, 6, 0) (mod (96, 96, 192)). Therefore using mod
128 we conclude that ¢ =6, 7° =48 + 11%.  Using mod 11, b=6
(mod 10) so that in fact & =26 (mod 40). Hence using mod 41,
d = 35 (mod 40), a contradiction.

Subcase 1452. b=0 (mod 4). Using. mod 5 a=c¢ (mod 4).

" “We will first. show that ¢>3. Assume the contrary. Then
8 4 70 = 92¢ + 114, Using mod 16, d =2 (mod 4). Using mod 7,
(¢, d) = (2, 1) (mod-3). Combining the above results and using
mod 9 we have (8, ¢, d) = (2, 5, 4) (mod (3, 6, 6)) so that in fact
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(b, ¢, d) =(8,11,10) (mod 12). This vields a contradiction mod 13.
Thus ¢ > 3. . : ' .

‘We will next show that ¢ > 3. Assume the contrary. Then
264+ 7* =8 + 114, Using mod 16, ¢ =2 (mod 4). - Using mod 7,
(a, d) = (1, 0) (mod 3). Combining :the above. results and using
mod 9 we get (a, b, d) = (1, 1, 0) (mod (6, 3, 6)) so that in fact
(a, b, @) = (7, 4, 6) (mod 12). Thus using mod 19, ¢ =1 (mod 18),
so " that using mod 73 we have the following possibilities:
114 =2 + 72— 8 (mod 73), 2 =0,1. Hence d =59 or 8 (mod 72),
each of these congruences is a contradiction. Therefore ¢ >3.

Using mod 16, d =0 (mod 4). Applying the above results
and using moduli 13, 7 successively we -conclude that (g, b,:¢c, d)
=(10, 8, 6, 0) or (8,8, 4, 8) (mod 12).- Hence using mod 9 we
get (a, b, ¢, d) = (10, 8, 6, 0) (mod 12). Therefore using mod 19
we vhave;; (@, ¢)= (4, 6) (mod 18) so that in fact (a, b, ¢, d)
= (22,.8,6,0) (mod (36, 12, 36, 12)).  Thus - using mod 37 we
conc‘ludve_ that 22 + 72 =2+ 11° (mod 37), b=1 (mod 9), a -
contradiction. - ‘ \

THEOREM 15. The only solutzons of 2¢ + 70 = 2¢ + 13" in posztwe
inlegers are (a b c, d) (3 1,1,1) and (7, 2, 3, 2).

Proof. Let (a, b, c, d) be another solution. Using mod 3,
@ =c (mod 2). We consider five cases. ' : : SR
Case 151, @=1. Then 2 + 7% = 2¢+ 132, Thus ¢ =1 (mod 2)
Suppose ¢ > 3. Using mod 16, (b, d) = (1, 2) (mod (2, 4)). Hence
using mod 5, (b ¢, d) = (3,0, 2) (mod 4), a contradiction. Hence
c=3, 7°=6+13% Using mod 13, 5 =7 (mod 12), so that using
mod 5, d = 3 (mod 4). This yields a contradiction mod 7.
' Case 152. ¢=1. Then2 + 7° =2+ 13% Thus ¢'=1(mod 2).
Using mod 8, & is odd, @ is odd, so that using mod 7, @ =0 (mod 3).
Therefore using mod 13 we have (e, 8) = (3, 1) (mod 12), so that
using mod 5, d =1 (mod 4). Hence using mod 16 we conclude
that =3, 6 + 7 =139, 5> 1.  Using mod 49, d =11 (mod 14)
This yields a contradiction mod: 29, - S N
Case 153. a = 2. Then 4+ 7% = 2°+13%. We have a contradiction
mod 7. : ‘ o
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Case 154. ¢ = 2. Then 2“+7”.—-—4+13". We.have a contradicton
mod 7.

Case 155. @ >3 and ¢ > 3.  Using mod 8, b is even, @ is even.
Thus using mod 7 we have (a, ¢) = (1, 0) (mod 3) so that in fact
(a,¢)=(1,3) or (4, 0) (mod 6). Combining these resultsand
using mod 13 we get (a, b, ¢) = (7,2 3), (1 8, 9), (10, 10, 0) or
(4, 4,6) (mod 12). Therefore using mod 5 we conclude that
(@, b,¢, d)= (7,23 2) or (1, 8,9 0) (mod (12, 12, 12, 4)).

Suppose  that (a, b, ¢, a)=(1,890) (mod (12, 12, 12 AN,
Thus using mod 9, d =2 (mod 3) so that in fact d =8 (mod.12).
- Hence using mod 19 we have (a, ¢, d)=(1,3,14) or (7,3, 2)
(mod 18) so that in fact (a, b, ¢, d) = (1, 8,21, 32) or (25, 8, 21, 20)
(mod (36 12, 36, 36)). Consideration of our equatidn med 37, in
each case.we have a contrad1ct1on
_ Therefore (a, b, ¢, d) = (7, 2,3, 2) (mod (12 12, 12, 4)) Usmg
mod 9, d =2 (mod 3) so that in . fact (@, b, ¢; d) = (7, 2 3, 2)
(mod. 12). Hence using mod 16 we conclude that ¢ =3, 2% + 7°
— 8 + 182, Thus using .mod 17, (@, b) = (7; 2) (mod (8 16)) so.
that in fact (a, b d)=(7,2,2) (mod (24, 48, 12)). - Therefore
usmg mod 97 we -have (a b, d) (7, 2,-2) (mod (48 96, 96)), s
that using mod 193, (2, b, @) = (7, 2, 2) (mod (96, 96, 64)). Hence
using mod 256 we conclude that ¢ = 7, 120 + 7° = 134, b > 2. Using
mod 343, d =30 (mod 98) so that in fact d =30 (mod 196) Thus
usmg mod 197 b= 94 (mod 98), so that we have a contradiction.
mod 29,

THEOREM 16. The only solutions to 2¢ + 7° = 2° +'17% in ﬁosztwe
z’n_tegers are (a, b, ¢, d) = (5, 2, 6, 1) dﬂd (8, 2, 4, 2)

Proof. Let (e, b ‘¢, d) be another solution. We consider seven
cases. . :
Case 161. a= 1 Then 2 + 7” =9¢ + 174, . Using mod 4, b is
odd. Thus using mod 16 we conclude that ¢=3, 7" =6 + 174
Using mod 7, d =0 (mod 6), so that using mod 13, 5 = 1. (mod 12).
Hence using mod 5, d =0 (mod 4), so that using.mod 64 we have
b=1 (mod 8). Therefore using mod 17 we get b =13 (mod 16),
a contradiction.’ v ' ‘ ‘
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Case 162. ¢=1 Then 2¢+ 7% =2 + 17¢. Using mod 3,°d is
even, ¢ is odd. We have a contradiction meod 8. S

Case 163. @=2." Then 4+ 7%=2°4 179 TFrom Case 16.2,
¢> 2. We have a contradiction mod 8. S o

Case 164. ¢=2. Then 2¢+ 76 =4 + 174 By’ Case 161, a> 2.
‘We have a contradiction mod 8, ' - '

Case 165. a=3. Then 8+7°=2°+174. We have-a contradiction
mod 16. ' : -
Case 166. ¢=3. Then 2°+7°=8+17% From Case 163,
@>3. We have a contradiction mod 16. o '

Case 167. @ >4 and ¢ > 4. Using mod 16, & is even.

We will first show that ¢>4. Assume the contrary Then
16 + 7% = 2¢ 4 174, Using mod 3, ¢ is even, 4 is even, so that using
mod 32, 5 =2 (mod 4). Thus using mod 17 we have (b, ¢)=(10, 0)
(mod (16, 8)), so that using mod 64, d =0 (mod 4). Hence we
have a contradiction mod 5. Therefore a > 4. : L
' "We will next show that ¢>4. Assume the cdntraryg Then
2+ 7 =16+ 174, Using mod 3, a=d (mod 2), so that using
moduli 9, 7 ‘successively we get (a, b, d) = (2, 2, 2) or (3, 1, 3)
(mod (6, 3, 6)). Thus using mod 13 we have (g, b, d) = 8,2 2)
or (3 1,3) (mod (12, 12, 6)), so that wusing mod 5, (a, b, d)
=(8,2,2) (mod12). Hence using mod 17, (a, b) = (0, 2)
(mod (8, 16)) so that in fact (4, b, @) = (8,2, 2) (mod (24, 48, 12)).
Thus using mod 78, (e, d) = (8, 2) (mod (9, 24)). Applying these
results and using mod 193 we get (g, d) = (8, 2) or (80, 74)
(mod (96, 192)). Combining the above results and using mod 97
we conclude that (a,6,d) = (8,2,2) (mod (96,96, 192)). Therefore
using mod 257 we have b = 2 (mod 256) so that in fact (e, b, d)
= (8, 2, 2) (mod (96, 768, 192)). Hence using mod 512 we conclude
that @ = 8, 240 + 7% = 172, p > 2. Using mod 343, d = 44 (mod 294)
so that in fact & = 142 (mod 196). Thus we have a contradiction
mod 197. Hence ¢ >4, ‘ '

Suppose that d is even. Using mod 32, b =0 (mod 4). Thus
using moduli 9, 7 successively we have (a,b,¢,d)=(1, 1, 3, 0),
(3, 1,5 4), (51,1, 2), (0,2 2 4), (2,2,4,2) or (42 0,0)
(mod (6, 3, 6, 6)). Combining these results and using mod 13 we
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concludé that (a, b, ¢, d) = (10, 8, 6, 0) (mod (12, 12, 12, 6)).
Therefore using mod 17 we have the following possibilities:
7b = Qa+in _ 92+tm (mod 17), #, m=0, 1. Thus b=6 or 14 (mod 16),
each of these congruences is a contradiction. :
Therefore d is odd. Using mod 32, b = 2 (mod 4) Thus using
‘mod 3, ¢ iseven, a is odd, so that using mod 5, (a,b,¢,d)=(1,2,2,1)
or (8, 2, 2,8) (mod 4). Hence using mod 17 we. conclude that
(a, b, ¢, d)=(1, 10,2 1) or (5,2, 6, 1) (mod (8, 16, 8, 4)). Thus
using mod 64 we get a =5, 32 + 70 =9¢ + 174, (b, ¢, d) = (2, 6, 1)
(mod (16, 8, 4)). Hence using moduli 9, 7 successively we get
(. c.d) = (2,0,1) (mod (3,6,6)) so that in fact (5, ¢, d) = (2,6,1)
(mod (48, 24, 12)). Thus using mod 73 we have (¢, d) = (6, 1)
(mod (9, 24)) so that in fact (3, ¢, @) = (2,6,1) (mod (48; 72, 24)).
Therefore using mod 198 we conclude that ¢ =6, 78 =32 +:17¢,
d>1. Using mod 289, b=50 (mod 272). Hence using mod 137,
d =55 (mod 63), a contradiction. S .

THEOREM 17. The only solutions of 26 + 7" 2¢ + 194 in positive
integers are (a, b, ¢, d) = (1, 2,5, 1), (4, 1,2, 1) or (3 4,11, 2). -

~ Proof. Let (a,b,¢,d) be another solution. Using mod 3,a=c
(mod 2). We consider five cases. :

Case 171. a=1. Then 2+ 7°=2°+ 199 Thus ¢ is odd, so
that using mod 8, & — d is odd. Hence using mod 19 we have
(b, ¢) = (2, 5) or (0, 13) (mod (3, 18)). Therefore using mod 7,
(b, ¢, d) = (2,5, 1) (mod (3, 18, 6)) so that in fact (b, ¢, @)
= (2, 5, 1) (mod (6, 18, 6)). Thus using mod 13 we get (b, ¢, a)
= (2,5 1) (mod 12), so that using mod 32, d=1 (mod 8),
Applying  these results -and  using mod 73, (b, d) = (2, 1)
(mod (24, 36)) so that in fact (J,¢, d)=(2,5,1) (mod (24, 36, 72)).
Hence using mod 193 we conclude that (b, ¢, d)=(2,5, 1)
(mod (24, 96, 192)). Therefore using mod 64 we have ¢=05,7°
=30 + 194, b > 2. We have a contradiction mod 343. )

- Case 172. ¢=1. Then 2¢+7=2+199. We havea contradiction
mod 8. o ,
Case 173 a=2. Then 4 + 7” = 9¢ + 19¢. Using.mod 8, b is
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odd, € is odd, so that using mod 5, & = ¢ (mod 4). ~Thus ¢ is odd,
a contradiction, ’ ;
Case 174. ¢=2. Then 24+ 78 =4 + 19" Using mod 8, & is
odd, d is odd. Hence using mod 5, (2, 8) = (0, 1) (mod 4), so that
using mod 16, d = 1 (mod 4). - Thus using mod 17 we get (a, b, d)
=(4, 1, 1) (mod (8, 16, 8)). Therefore using mod 32 we. conclude-
that @ =4, 12+ 7° =199, 5 >1. We have a contradiction mod .49..
Case 175. @ >3 and ¢ > 3. Using mod 8, b is even, d. is even,
Thus using moduli 9, 7 successively we have (g, b, c, d) = (1, 1,3, 0),
(3,1,52), (51,1,4), (0,222, (2244 o (420, 0)
(mod (6, 3, 6, 6)). Hence using mod 19 we conclude that (a, b, ¢, d)
=(11, 1,13, 4), (3,1, 11, 2) or (14, 2, 10, 4) (mod (18, 3, 18 6))e
We consider the followmg Qubcaees b=2 or 0 {(mod 4)
 .Subcase 1751. b=2 (mod 4).. Applylng the. above reeults andA
using’ mod 5, (@, ¢) =(0, 2)  (mod 4). Thus we have (e, b, c, d).
= (14, 2, 10, 4) (mod (18, 3, 18, 6)) so- that in fact (a, b, ¢c,.d).
= (32, 2, 10, 4) (mod (36, 12, 36, 6)). Hence using mod 27, b= 2
(mod) 9). Therefore. using mod 37 we: conclude that2% 4+ 72
= 2% 4+ 19¢ (mod 37), d = 27 (mod 36), a contradiction. :
Subcase 1752. b =0 (mod 4) Using mod 5, a=¢ (mod 4)
Applymg the above results and using mod 27 we have (a b, c, d)
= (3, 4, 11, 2), (11, 1,13, 4) or (14 2, 10, 4) (mod (18 9, 18, 6)).
Comblmng these results and usmg mod 37 we get: (a, b, ¢, d)
= (3, 4, 11, 2) or (32 2 28, 4) (mod (36 9, 36 36)) so that in fact
(e, b, ¢, d) = (3 4, 11, 2) or (82, 20, 28, 4) (mod 36) .Hence usmg‘
mod 73 we have b=4 (mod 24) ~so that in -fact (a, b c; d)
= (3, 4, 11, 2) (mod (36, 72, 36, 36)). Therefore using 'mod 16 we
conclude that ¢ =3, 8 + 7> =2¢ + 19¢, > 4. Thus using mod 343,
¢ = 11 (mod 147); so that using mod 43, d = 2 (mod 42). Applying.
the above results and using - mod 197 we have & = 4 (mod 98) so
that in fact (5, ¢, d) = (4, 11, 2) (mod (1764, 1764, 252)). Hence
using mod 883, & = 2 (mod 882), so that ‘using mod 16807, ¢ = 5156
(mod 7203). Combining these results and using mod 1373 ‘we
conclude that (5, d) = (4, 2). (mod (343, 686)). "Therefore, (b, ¢, d)
= (4, 5156, 2) (mod (2058, 7203, 2058)). Finally, we consider our:
equation modulo the prime 14407.. Since the order of 2-is. 2401 and
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the order 'of ‘19 is ‘14406, we have the following ‘possibilities:
7b = 985¢ . 1922058k 8 = 192+2038% — 2013 (mod 14407), £=0, 1,2, 3,
4, 5,6. Hence we get (b, ¢, d) =-(3844, 354, 2) (mod (4802 2401,
14406)), a contradlctlon

T'HEOREM 18 The only solutzon to 2¢ + 116 = 2¢ + 17¢ in posztwe
integers is (a, b, ¢, d)=(311,1).

~ Proof. Let (a b, c, d ) be another solutlon. We consider seven
cases ’ _ g _

Case 18. 1 ‘¢=1. Then 24 11 = 2° + 172" Using mod 4, b is
odd S0 that using mod 3, ¢is odd\‘ d is Qdd. Thus we have a
contradlctxon mod 5. | k S B LT

Case 182. ¢=1. “Then 2¢+ 11¥ =2+ 17¢. Using: mod 4, b 1s‘
odd SO that usmg mod 3, ¢ = d (mod 2). Hence using mod 5 We
have (a d) = (3, 1) (mod 4). Thus using mod 17 (a,8) =(3, 1)
or (7 5) (mod (8 16)), Combmmg these results and using mod 64
we' conclude that ¢ =3, (b, d)=(@{,1) (mod (16,-4)). Therefore
6+ 11 =17¢, d>1. Using mod 289, b=97 (mod 272). - Hence
using. mod 137 d=2 (mod 68), a contradiction. . L

Case 183. a=2. Then 4+ 118 =20 + 174 F_rbm Case 18.2,
¢>9 We have a contradiction mod 8.

‘ Case 184, ¢=2. Then 2¢+ 11* =4 + 174 By Case 18.1; ¢ > 2.
We have a contradiction mod 8.

Case 185." @ —= 3. Then 8+ 11 =2° + 174, From Cases 18.2
and 184, ¢ > 3. Using mod 16, b = 2 (mod 4), so that using “mod 3,
¢ — d is odd. Thus using mod 5 we have (¢, d) = (0, 3) or 3, 0
(mod 4). ‘Apiﬂying these results and using mod 17 we . conclude
that (&, ¢, d) = (6, 4, 3) (mod (16, 8, 4)). Hence using mod 9,
b=c¢ (mod 6) Therefore using. mod 7, d =0 (mod 6), a
contradiction. o T DR o '

Case 186. ¢ =3. Then 22+ 11* =8+ 174 By Cases 18.1 and
18.3, ¢ >3. Using mod 16, & =2 .(mod 4), 'so that using-mod'3, d
is even, @ is odd. Hence using mod 5, (@, d) = (3, 0) (mod 4).
Thus ‘using mod 17 ¥ we ~ have the following _possibilities:
11P = § — 28+ (mod 17);, k=0, 1.  Therefore (a,.0) = (7, 8)
(mod (8, 16)), a contradiction. ; ’
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Case 187. a>4 and ¢ > 4. Using mod 16, 5 = 0 (mod 4).
Suppose that d is odd. Hence using mod 3, ¢ is even, a is odd,
so that using mod 5, (2, ¢, d)= (1,0 1) or (3,0, 3) (mod 4).
Combining the above results and using mod 17 we conclude that
(a,b,¢,d)=(504,1) or (1. 8, 0,1) (mod (8, 16, 8, 4)). Thus
using mod 32 we have c¢=4, (g, b, d) = (5,0,1) (mod (8, 16, 4)).
Therefore using mod 64 we conclude that g — 5, 16 + 11° = 174,

Using mod 11, d =6 (mod 10), a contradiction. ,
Hence d is even. Using mod 3, ¢ =¢ (mod 2), so that using
mod 5 we have (g, ¢, d) = (4,£,0) or (2.0,2) (mod 4). Combining
the above results and 'using mod 17 we conclude that (g, b,’c, d)
= (54,1 0), (1,12,5,0), (3,0,7,0) or (7,8, 3,0) (mod (8,16, 8, 4)).
Thus using mod 64 we get (,5,¢,d) = (3,0, 7,0) (mod (8, 16, 8, 4)).
Finally, ‘using mod 257 we have‘ the following ~pos‘sibil‘ities:
17¢ = 2%+ 4 11%6m — 27+8% (mod 257), %, £ = 0,1, m =0, 1, 2, 8. Hence
(a, 8, ¢, @)= (30,15 7), (1L, 48, 7, 7), (3, 16, 15, 23), (11, 32, 7, 23),
(8,16, 7, 31), (11,0, 15 81), (3,327 15) or (11, 48, 15, 15)
(mod (16, 64,.16,3'2)), each of these congruences is a contradic’:tion.'

. THEOREM 19. Tke only solutions of 2¢ + 11° = 2° + 19d in posztwe
integers are (a, b, ¢, d) = (4, 1, 8, 1) and (8 2, 4, 2)

"Proof. Let (a, b, ¢, d) be another solutlon We con31der ﬁve
cases. : - ST
- Case 191. a=1. Then 2 + 11* = 2° + 19¢. Using mod 3,b is
even, ¢ is odd, so that using mod 8, 4 is odd. Hence using
mod 5, ¢ = 2 (mod 4), a contradiction. : L

Case 19.2.  ¢=1 - Then 2¢+ 11*=2+ 199, Using mod 5,
(e, d)y=(1,0) (mod (4, 2)), so that using mod 3, & is even. Thus
we have a contradiction mod 8. -

Case 193. a=2. Then 4 + 115 = 2¢ + 194, From Case 19.2,
¢>2. We have a contradiction mod 8. ST -

Case 194. ¢=2. Then 2%+ 11 =4 + 19¢. By Case 19.1, ¢ > 2.
We have a contradiction mod 8. ) _ .

‘Case 195. >3 and ¢ >3. Using mod 8, b=d (mod 2).. We
consider the following subcases: d =0 or 1 (mod 2).

We will show that ¢ >3. Assume the contrary. Then 2 + 11”
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~ 8 ++ 194, Using mod 19, (g, b) = (6, 0), (4,1) or (0, 2) (mod (18, 3)),
so that using mod 5, (@, d)=(0, 1) (mod (4, 2)). Thus using
moduli 9, 7. successively we conclude that (e, b, d) = (4,1, 1)
(mod 6). Hence using mod 18, (a, b, d)= (4,1, 1) (mod 12).
Therefore using mod 17 we have (a,b,d)=(4,1,1) or (4, 13, 5)
(mod (8, 16, 8)). Thus using mod 32 we conclude that a=4, 8 + 11°
=19¢, p>1. Using mod 121, d =61 (mod 110). Hence using
mod 23, b' =4 (mod 22), a contradiction. Thus ¢ > 3.

Subcase 1951, d =0 (mod 2). Using mod 5, a=¢ (mod 4).
Hence using moduli 9,7 successively we have (a b, ¢,d) =(10,10),
(2,2 4,2, 3,210, (345, 0) or (4,4,2,2) (mod6). Therefore
using mod 19 we get (a b, ¢, d)= (10,13 0), (4, 0, 10, 0),
(9, 4,17, 0), (10,4, 8,2) or (8, 2,4,2) (mod (18, 6, 18, 6)). Combining
the above results and using mod 37 we conclude that (g, & €, ¢)

= (8, 2, 4, 2) (mod (36, 6, 36, 36)). Thus using mod 73,56 =2 (mod 72).
Combining these results and using ‘mod 17 we have (g, b, ¢, @)

= (0,2, 4, 2) or (4 10,0, 6) (mod (8, 16, 8, 8)) so that in fact
(g, b, ¢, d)= (8,2, 4,2) or (20, 26, 16, 14)) (mod (24, 48, 24, 24)).
' Pherefore using mod 97 we get (a, b, ¢, d)= (8, 2,4,2) or
(20, 26, 16, 14) (mod (48, 48, 48, 32)). Combining these results ‘and
usmg mod 193 we conclude that (g, b, ¢, d)=(8, 2,4, 2) or
(56, 34, 52, 98) (mod (96, 64, .96, 192)).  Hence using mod 32 we
have 6—4 (a, b, d) (8, 2,2) (mod (96, 192, 192)), 2“—!—11”
=16 + 19" " Thus u<1ng mod 257, d = 2 (mod 256) so that in fact
d =2 (mod 768). Therefore using mod 769 we conclude that
(a, b, d) = (8,2, 2) (mod (384, 768, 768)). Hence using mod 512
we get a=8, 240+ 11°=19% b>2. " Using mod 1331, & =992
(mod 1210). This yields a contrad1ct1on mod 3631 , 4

Subcase 195.2. d = 1 (mod 2). Thus b is odd, so that usmg
mod 3, ¢ is odd, e is even, Hence using mod 5, (a, ¢) = (0, 3)
(mod 4). -Applying: theee results and using moduli 9, 7 eucceeswely
we have (@, b, ¢, d) =(0,1, 1, 5),(0553),(2315),(2531),
4, 1, 3, 1)or (4, 3,5 3) (mod 6). Combining the above results and
using ‘mod 13 we conclude that (@, b,¢,d) = (4, 1,3, 1) or (811,38, 7)
(mod 12).; In each case we have a contradiction mod 16.
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- THEOREM 20. Tke only solutions to' 2¢+ 130 = 2¢ + 174 in positive
zm‘egers are (a, b, c,d) = (3,1, 2, 1) and (7,72,”3, 2). '

Proof Let (a, b, ¢, d) be another squtlon Using‘ ‘mod 4,
@22 ¢>=2 "We consider ﬁve cases -
, Case 201. a= 2. Then 4 + 18% =2° + 174, Usmg mod 8, b 1s
odd. Further using mod 3 ¢ is even d is even. Thus us1ng
mod 16,6=1 (mod 4). This ylelds a contradlctlon mod 17,

Case 20.2. ¢= - 2. Then 26 + 135 =4 + 174 Usmg mod 17,
(a ) = 3, 1) (mod (8, 4)), so-that using mod 5, & =1 (mod 4).
Hence usmg -mod’ 16 we conclude that ¢=3, 4 +13% = 174, d > 1.
Using ' mod- 289, b =29 (mod 68). Thus. using mod 137, (b d)

= (29, 52) (mod (136 68)) a -contradiction.

Case 203. @ =3. Then 8+ 135 =2° 4+ 174, . Frbm “Case 20.2,
c>3. Usmg mod 16 b=2 (mod 4) Hence we. have a contradiction
mod 17 s T
Case 204. ¢=3. Then 2¢ + 13b =8 +.174, By Case 20.1, a> 3.
Using mod 16, 5 = 2 (mod 4), so ‘that using mod 17, @ = 7- (mod 8);
Thus using mod 5, d =2 (mod 4). - Combining these results and
using mod 13 we: have (a, d) = (7, 2) (mod (12, 6)), so that using
mod 9, 5 =2 (mod 3): Hence (e, b, d)=(7, 2, 2) (mod (24, 12,.12)),
so that using mod 64, b= 2 (mod 16) Therefore using mod 97 we
get (a, b, d) = (7, 2, 2) (mod (48, 96, 96)). - Thus using mod 193
we have (@, b, d)= (7,2, 2) (mod (96, 64, 192)) Hence usmg
mod 256 we conclude that a=17, 120+ 13”— 174, 5> 2. Usmg
mod 2197, d = 860 (mod 1014) so. that in fact. d= 522 (mod 676)
Thus we have a cotradiction mod 677,
 Case 205. a>4and ¢>4. Using mod 16, 5= 0 (mod 4)

Suppose that d is odd. Hence us1ng mod 3 @ is odd, ¢ is even,
so that using mod 5, (a b, c, d)=(1,0,0,1) or (3 0,0, 3) (mod 4).
Thus usmg “mod 17 We conc1ude that - (a, b ¢, d)= (5 O 4, 1)
(mod (8, 4, 8, 4)) Therefore usmg mod 13 we get (a b, c, d)

(9001) (1043) or (5085) (mod(124126))
each case we have a contradiction mod 7.

Hence d is even, Thus using mod 3, @ =c¢ (mod 2), so -that
using  mod 5 {a, b, ¢, d)= (2, 0,2 0) or (20, 0,2) (mod 4).
Therefore using mod 17 we conclude  that (@, b,¢,d)=(3,0,70)
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(mod (8, 4, 8,4)).” Thus using mod 13 we get (a,¢,d) = (3,11,0)
(7,3,2) or (11,7, 4) (mod (12,12, 6)). - Hence using ‘mod- 7,
(a, b, ¢, d)=(7,0,'8, 2) (1nod (12, 4, 12, 6)),. so that using ‘mod 9,
=2 (mod 3). Therefore using moduli 27, 19 successively we
conc];ude that (a, b, ¢, d) = (7,2, 3, 2) (mod (18; 18, 18, 9)). - Thus
(a, b, ¢c; d) = (7,20, 3, 20) (mod 36). ~This yields a contradiction
;hod 37: : ~ S Coe o -

THEOREM 21 The only solutzcms of 2“ + 13” =2° + 19" in pOSztwe
mtegers are (a b, ¢, d) = (3, 1 1 1) and (8 2 6 2)

. Proof. Let (a, b, ¢, d). be another solution. Usmg mod 3 a=c
(mod 2). We consider five cases. ‘ L »
Case 21.1. @ =1. Then 2 + 13% = 2° + 194 Thus (4 is odd, so
that- using modS,; d is odd, b is even. Hence using' mod 5, (5, ¢)
= (2, 1) (mod 4), so that using mod 17 we have ‘the following
possibilities: 199 =2+ 13? — 2'*+** (mod 17), 7= 0 1. Thus (¢, 4)
=(1, 4) (mod 8), a contradiction. S
Case 212. ¢=1.. Then 2¢ + 13% = 2 + 19" ‘Hence ¢ is odd, -so
that usmg mod 8, b is odd.. d is odd Thus using mod 5, (a, b)
= (3,1) (mod 4), so that using mod 17 we have (g, b, d) _,(3 1, 1)
{(mod (8 4, 8)). Therefore using mod 16 we conclude that a =3,
6 + 13t = 19" b>1. Thus we have a contradiction mod 169.
Case 91.8. @ =2. Then 4 + 18° = 2° + 19%. Hence ¢ is even,so
that usmg mod 8, b is. odd 'dis even. Thus using ‘mod 5, (d,. c)
(1 0) (mod 4) Applymg these results and using moduh 13, 7
successwely we conclude that (b ¢, d)=(1, 4, 0y (mod " (4 12, 12)).
Therefore uelng moduli 27, 37 successwely we have (b, ¢, d) = (1 4, 0)
(mod 36). This yields a contradlctlon mod 19.
Case 214. ¢=2. Then 2¢ + 182 =4 + 19¢. He‘née a is”even;
'so that using mod 8, bis odd, d is even. Thus using mod 5 we
have the foilowing p0531b111t1es 2“ = 4 + 1 — 13t+2% (mod 5), k=0, L
Therefore a = 1 or’ 3 (mod 4) each of these congruences is a
‘Contradiction. - '
‘Case 215.- 4>3 and ¢ = 3. Using mod 8, b is even, d is even.
‘We consider the following subcases: b =2 or 0 (mod 4)..
 Subcase 2151, b=2 (mod 4). Applying the.above results and



82 CHEN-TE YEN . [March

using mod 5,~(a, ¢) = (0, 2) (mod 4), so that using mod 16, d = 2
(inod 4). Hence using moduli 13, 7 successively we have (g, ¢, d)
=(8,6,2) or (4, 6, 10) (mod 12). Thus using mod 9 we get
(a,0,¢,d)=(8,2,6,2) or (41,6 10) (mod (12, 3, 12, 12)) so
that in. fact” (q, b, ¢, d) = (8, 2, 6, 2) or (4, 10, 6, 10) (mod 12).
Therefore using moduli 27, 19 successively we conclude that
(a,b,¢,d)=(8,2,6,2) or (10,16, 6, 10) (mod (18, 18, 18, 12)).
Combining these results and using mod 37 we have (a, b, ¢, d)
= (8, 2, 6, 2) (mod 36). Hence using mod 73, b =2 (mod 72), so
that using mod 32, d =2 (mod 8). Combining these results and
using mod 17, (a, ¢) = (0, 6) (mod 8) so that in fact (g, b, ¢, d)
= (8, 2, 6, 2) (mod 24). Thus using mod 97 we have (a, b, ¢, d)
=(8, 2 6,2) or (32 50, 30, 18) (mod (48, 96, 48, 32)). Therefore
using mod 128 we conclude that ¢ =6, (a, b, d) = (8, 2, 2)
(mod (48, 96, 32)), 2% + 137 = 64 + 199, Applymg the above results
and using mod 193 we get- (a, b, d) = (8 2, 2) (mod (96, 64 192))
so that ucmg mod 257 (b, d) = (2, 2) (mod (128 256)). Hence
using mod 512 we conclude that a=S8, b >2, 192 + 13% = 194,
Usmg mod 2197 d =74 (mod 156). Thus we have‘ a contradiction
mod 157 ' ‘

Subcase 21 52. b= 0 (mod 4). Hence using mod 5 a=c (mod 4).
- We will first show that @>3. Assume the contrary. Then
8 +18* =2° + 19%. Thus using mod 16, d =2 (mod 4), so that
using mod 17 we have the follewi"lg possibilities: 194 = 8 + 130— 23+4»
(mod 17), #=0, 1. Therefore (5, ¢, d) = (0, 3, 0) (mod (4, 8, 8)),
a contradmtlon Hence ¢ > 3. : v

We will next show  that ¢>3. Aesume the contrary. Then
2 + 135 = 8§ + 192, Thus using mod 16, d =2 (mod 4), so that
using mod 17 we have the followihg possibilities: 199 = 23+¢ 4 30— §
(mod 17), =0, 1. Hence d=0 or 1 (mod 8), each of theee
congruences is a contradlctlon Therefore ¢ > 3. ’ »

Thus using mod 16, d =0 (mod 4), Combining the above
resuits and using mod 13 we conclude that (a, b,¢, d) =(3,0, 11, 0),
(5,0,9,0), (1, 0,5, 4), (11,0, 7, 4), (7,0,3,8 or- (9, 0,1, 8)
(mod (12, 4, 12,12)).- In each case we have a contradiction mod 7.
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 THEOREM 22. The only solutions to1 + 3% =2° + 2° 34 in integers
are given in Table 5. In this table, ¢ denotes an arbitrary integer. .

Table 5. LTy

a b c d

0 -1 -1 1

1 1 1 0

2 3 1 0

2 1 3 0

t 0 0 ¢ g
2 2 1 1

4 6 1 2

3 4 2 1.

3 2 3 1

Proef. Let (a, b, ¢, @) be another solution. — Clearly b5 +#0,
a=0. ’ : . ' . '

We will first show that #>0. Assume the contrary. Then
9 =290 49234 Clearly b<<— 1. We get 210 =14 2°7537 so that
using mod 2, ¢=5. Thus 2'">=1+ 3% so that we have a
contradiction mod 8. Therefore a > 0. o

We will next show that 5#>0. Assume the contrary. Then
b<02-b+ 2-23¢ =1+ 2:-93¢ Hence using mod 2, ¢ =2, s0 ‘that

using mod 8 we conclude that &> — 9. Suppose b= —2. Then
4+ 4.3 =1+3% d>1 This yields a contradiction mod 9. Thus
b=—1,2+2-3=1+ 3% Clearly d >0. We have a contradiction

mod 3, Therefore 5> 0.

We will third show that d >0. Assume the contrary. Then
1+ 38 =20+9°. By the symmetry we may assume ¢ =5 By
Theorem 4, b>1  Hence using mod 8§ we conclude that 6 =2,
3¢ = 8 + 2°. ‘This yields a contradiction med 3.

Clearly ¢>0, 2 > 1. Using mod 8 5<2 or ¢<2. Further,
using mod 3, b is even, Therefore we consider three cases.

Case 221. ¢ =1. Then 1+3% = 2% + 2 .39 Suppose b = 2. Then
3¢e=3+2.3, d >1 We have a contradiction mod 9. Thusd> 2,
so that using mod 16, (a, d) = (0, 0) or (0, 2) (mod 4). Hence
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using- mod'5 we ‘get - (a, b, d) = (0, 2, 2)-(mod 4). -Thus using
mod 9, &= 0 (mod. 6). Combining these results and using - mod 13
we have (@, b,d)= (1,6, 2) (mod (3, 12, 3)) so that in fact
(a, b, d) = (4, 6, 2) (mod 12). . Therefore using mod 73, 6 =6
(mod 9) so that in fact (g, b, d) = (4, 6, 2) (mod (12, 36, 12)).
Hence using mod 27 we conclude that d =2, 3¢ =20 + 17, > 6.
Using mod 64, ¢a=4 (mod 16), so that using mod 193, b=6
(mod 96). Therefore using mod 257, @ = 4 (mod 256). This vields
a contradiction mod 128." |

Case 222. b=2. Then 1+ 3¢*=4+.2°37. Using mod 9 we
conclude that d =1,3°=3+4+3-2°, ¢>2 Using mod 27, ¢c =9
(mod 18). Thus we have a contradiction mod 19.

Case 223. ¢=2. Then 14 3°=2%+4.34 By Case 222, 5>2.
Using mod 16, (¢, d) = (1, 0), (1, 2), (3, 1) or (3, 3) (mod 4).
Hence using mod 5 we have (a, b, d) = (3, 0, 1) (mod 4). Suppose
d>1. Using mod 9, 5 =0 (mod 6) so that in fact & = 0 -(mod 12).
Thus using mod 13 we have the following possibilities: 3¢ =4 . 3%
(mod 13), =0, 1, 2. Each of these congruences is a contradiction.
Therefore: d =1, 32 =2% + 11, b>4. Applying the above results
and using mod 17 we conclude that (g, ) = (3, 4) (mod (16, 8)).
This yields a contradiction mod 32. S EREE

v THEOREM 23. The only solutz(ms to 3+ 7= 1+2° + 54 in
nomzegatwe integers are given in Table 6. o

Table 6.

R
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- Proof. Let (a, b, ¢, d) be another solution. Clearly ¢ > 0.

We will show that @>0. Assume the contrary. Then
7t = 2° + 5% Using mod 3, ¢ is odd, € is odd, so that using mod 5,
(b, c) =(1, 1) or (3, 3) (mod 4). Thus using mod 4 we conclude
that ¢=1 7"=2+5% d> 1 We have a contradiction mod 25
Hence e > 0.

LEMMA 23.1. 5> 0.

Proof. Assume the contrary Then 3e=2°+ 5" By Theorem
4, ¢>1, d>0. We consider three cases. , N

Case 2311. ¢=2. Then 3*=4+ 5% Clearly d >1. Using
mod 25, ¢ =6 (mod 20), so that we have a contradiction mod 11.

Case 23.1.2. - ¢=3. Then 3°=8+5% Using mod 5, a=1
(mod 4), so that we have a contradiction mod 16. ‘

Case 2313. ¢>4. Using moduli - 16 5 successlvely we havei
(a, ¢, d) = (0,0, 0) or (2, 2, 2) (mod 4). In each case we have a
contradiction mod 3. -

LEMMA 232 d>0.

Proof. Assume the contrary. Then 3¢+ 70 =2 + 2°. Clearly
¢>5 By Theorems 4 and 1, >0, ¢>1. Using mod 3, ¢ is odd.
Further, using mod 7, (@, ¢) = (1, 0) (4, 1) or (3, 2) (mod (6, 3)).
Combining these results and using mod 9 we have (@, b, ¢)= (1,0, 3),
(4, 2, 1) or (3,1, 5) (mod (6, 3, 6)). Hence using mod 13 we get
(a,8,¢)=(4, 2,7 or (3 1,5) (mod (6, 12, 12)), so that using
mod 5, (a, b, ¢) = (0, 2, 7) or (3,1, 5) (mod (4, 12, 12)). Thus
using mod 73 we get (@, b,¢) = (4,2,7) or (3,1,5) (mod (12, 24, 9)).
Combining these results and using mod 32, (a, b, ¢) = (3, 1, 5) or
(4, 2, 7) (mod (8, 24, 36)) so that in fact (@, b, ¢) = (3,1, 5) or
(4, 2, 7) (mod (24, 24, 36)). Hence using mod 193 we conclude
that (e, b, ¢) = (3, 1, 5) or (4, 2, 7) (mod (16, 24, 96)). Therefore
using mod 64 we have (g, b, ¢) = (4, 2, 7) (mod (16, 24, 96)) so
that in fact (@, b, ¢) = (4, 2, 7) (mod (48, 24, 96)). Thus using
mod 97, 5=2 (mod 96) so that in fact (@ b, ¢)=(4,2,7)
(mod (48, 96, 96)). Hence using mod 769 we get (a, b, c)=04;2,7)
(mod (48, 256, 384)), so that using mod 257, e=4 (mod 256).
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Therefore using ‘mod 256 we conclude that ¢ =7." Thus e =4,
bz— 2, a contradlctlon ' ; ’

Proof of Theorem 23 By 121, c>3 Usmg mod 3 c— d is
od,d.) Thus usmg moduh 16, 5 successively we conclude that
(a b, c d)=(22'1,2) or (3,1, 3, 0) (mod 4). o .
Suppose that (a, b, ¢, d) = (3, 1, 3, 0) (mod 4). Hence using
moduli 9, 7 successively we get (@, b, ¢, d) = (1,0,3,0); (5:1,1,4),
(3 1, 3, 2) or (3, 1,5, 0) (mod (6,3,6,6)) so that in fact (e, b, ¢, d)
(7 9, 3, 0), (11,'1, 7, 4) (3, 1,3, 8) or (31, 11 0) (m0d12) In
each case we have a contradlctlon mod 13. ‘
Therefore (a b c, dy= 2, 2, 1, 2) (mod 4). Using ‘moduli 32,
17 successwely we have (@, b, ¢, d) = (2, 10 1, 2) or (2,2 5, 2)
(mod (16 16, 8, 16)) Thus' usmg ‘mod 64 we conclude that ¢ = 5,
(a b,d)=(2,22) (mod 16), 3%+ 7* = 33 + 57, Hence using moduli
9,7 successwely we have (a b, d) = (2, 2 2) (mod (6, 3, 6)) so
that_ in. fact (a, b, d) = (2, 2, 2) (mod 48). Thus usmg mod 19,
(@, d) = (2, 2) (mod (18,9)), so that using mod 87, (a, b, d)
= (2,2,2) (mod (18,9, 36)). Therefore (a, b, d) = (2, 2, 2) (mod 36),
so that using mod 27 we conclude that ¢=2, 7"=24 + 59, d > 2.
Using mod 125, b =6 (mod 20). This yields a contradiction- mod 11.

THEOREM 24. The only solutzom of 5° = 1 + 20+ 2° in integers
are(abc) (111) (234)and(243) ‘

" Proof. . Let (a b, ¢) be another solution. Clearly a>0,56>0,
¢ > 0. By the symmetry we may assume ¢ >b. We consider four
cases. :

“Case 241.. 5=1. Then 5%=3+ 2°. Clearly ¢ > 1. We have
a. contradzcuon mod 4. ' T

Case 24.2. b=2. Then 5°=5+ 2°. We have a contra’dictiOn
mod 5.

Case 24.3. b=3. Then5*=9 + 2¢, Clearly ¢ > 2 Usmg mod 125,
¢'= 64 (mod 100). Hence we have a contradiction mod 601.

" Case 244. b =4. Using mod 16, ¢ = 0 (mod 4), so that using
mod'3, ¢ = b is odd. Therefore using mod 13 we get 5° =1 4- 2% + 2°¢
=1+2%2¢%+1) (mod 13).  Thus ¢—5b=6 (mod 12), - a
contradiction. .. - o ‘ Lo
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THEOREM 25. The only solutions to 1+ 3%=2"5°+ 2:4345% in
nonnegative integers are given in Table 7.

Table 7.

&
S
o
&
o

I m' »-a
O Uy A I
_ e D O © oo
O O, ‘N = m - o o
,,_. co ’o L\a S o o e

" Proof.” Let (a, b, ¢, d, ) be another solution. By Theorem 22,
c>0o0r e>0. Clearly e>1, 5> 0. ' ;

Lemma 251, ¢>0.

" Proof. Assume the contrary. Then 14+ 3“ = 2” +2.38 5.
Suppose d> 0. Using mod 3, b is even, Sl that using mod 5, (a b)
: 1, 2) ‘(mod 4). This yields a contradiction mod 4. Thus d= 0
1+3°=2"+2-5°. We consider two cases. o

Case 2511. b=1. Then 3°= 1+ 2.5 Using mod 5_,’_a"=‘f)
(mod 4). We have a contradlctlon mod 16. k '

Cuase 25.1. 2 b > 2. Using mod 4, a iseven, so that usmg mod 5
(a, 8) = (0, 1) (mod 4). Hence using moduh 97 successively we
have (a, b, e) = (2, 3,0) or (4,5, 2). (mod 6) Comblmng these
results and using mod 13 we get (a, b, e) = (4 5, 2) (mod (6 12, 4))
s0 that in fact (@, b, &) = (4, 5, 2) (mod 12) ‘Thus usmg mod 73,
(b e) = (5,2) (mod (9, 72)), so that using mod 17 we com:lude that
(g, b, ) = (4, 5, 2) (mod (16, 8, 16)). Therefore using ‘mod 64 we
‘have b =5,32 =31+ 25 ¢>2. Using mod 125;'a = 64 (mod 160)
so that in fact @ = 64 (mod 300). Hence we have a ~contradiction
mod 601. ‘ R '
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LEMMA 25.2." e>0.

Proof. Assume the contrary. Then 1+ 32=2%5¢ 4+ 2.37,
We consider two cases.

Case 2521. b=1 Then 1+ 3*=2.5°+ 2.3 TUsing mod 4,
@ is odd, so that using mod 5, (e, d) = (1, 3) or (3, 2) (mod 4).
Hence using mod 16 we have (g, ¢, d) = (3, 1, 2) (mod (4, 2, 4)),
so that using mod 9, ¢ =1 (mod 6). Thus using mod 7, (a, ¢, d)
=(1 1,4) or (3,1, 2) (mod 6). Combining these results and using
mod 13 we get (@, ¢, d) = (3, 1, 2) (mod (6, 4, 6)) so that in fact
(a,¢,d) = (3, 1, 2) (mod 12). Hence using mod 73, ¢ = 1 (mod 72).
Therefore using mod 27 we conclude that d =2, 35=2.5¢ + 17,
¢>1 TUsing mod 25, ¢ =19 (mod 20). This yields a contradiction
mod 11.

Case 2522. b>2 Using mod 4, @ is even, so that using
mod 5, (a, d) = (0, 0) (mod 4).

We will show that d>0. Assume the contrary. Then
3=2"5°+ 1. Suppose ¢>1. Using mod 25 & =0 (mod 20), so
that we have a contradiction mod 11. Hence ¢=1,32=5.20 + 1.
Clearly & > 4. k Using mod 32, ¢ =0 (mod 8), Thus using mod 17
we ,have the following possibilities: 5 - 2'? =3"—1 (mod 17),
7 =0, 1. Each of these congruences is e'contradictiqni Therefore
d>0. S -
| Using mod 9, b=c (mod 6), so that using mod 7 we get
(@, 8, ¢,d)=(0,0,0,4), (2,0,0,0), (4, 0, 0, 2),” '( 2,'2, 2,4) (2,3,3,2),
(4,4,4,4), (0,5,5,2) or (4,1,1,0) (mod6). Combining the
above results and using mod 13 we have (e, b, ¢, d) = (4, 6, 0, 2),
(4,0,2,2),(2,20,4) or (2,8, 2 4) (mod (6,12, 4, 6)) so that in
fact (a, b, ¢, d) = (4, 6,0, 8), (4,0, 6, 8), (8, 2, 8,4) or (8, 8, 2, 4)
(mod 12). Thus: using mod 73 we get (a, b, ¢, d) = (4,0, 18, 8),
(4, 3, 66, 8), (4, 6, 42, 8), (8, 2, 50, 4), (8,5, 26,4) or (8 8,2 4)
(mod (12, 9, 72, 12)). Applying these results and using mod 37
we have (g, b, ¢, d) = (8, 20, 50, 4), (8, 32, 26,4) or (8 8, 2, 4)
(mod (18, 36, 72, 18)), so that using mod 19, (g, b, ¢, d) = (8, 8, 2,.4)
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(mod (18, 36, 72, 18)). Therefore (a, b, ¢, d) = (8,8, 2;,4) (mod (36,
36, 72, 36)), so that using mod 32, (a, d) = (0, 0) (mod (8, 4)).
Thus using mod 17 ‘we get (a,'b,¢,d) =180, 2, 4), (8, 4, 10, 4),
(8, 0,10, 12) or (8, 4, 2, 12) (mod (16, 8, 16, 16)) so that in fact
(a; b, ¢; d)=(8, 8, 2, 4), (8, 20, 26, 4), (8, 8, 26, 28) or (8, 20, 2, 28)
(mod (48,"24, 48, 48)). Hence using ‘mod 97 we have (a, b, ¢, d)
= (8, 8, 2, 4), (8; 32, 50, 4) (8, 20, 74, 4) or (8, 44, 26, 4) (mod (48,
48, 96,.48)). Thus using mod 193, (a, b, ¢, d) = (8, 8, 2, 4), (8, 56,
98, 4), (8, 20, 170,.4), (8, 68, 74, 4), (8, 44, 122, 4), (8,792, 26,'.4),
(8, 32, 146, 4) or (8, 80, 50, 4) (mod (48, 96, 192, 48)). Therefore
using - mod 769 ‘we conclude that (g, b,c,d)= (8 8 2,4) or
(8, 200, 66, 4) (mod (48, 384, 128, 48)). .Combining the above results
and using mod 128, @ = 8 (mod 32) so that in fact (a, b, ¢, d)
= (8, 8, 2, 4) 'or (8, 8, 578, 4) (mod (288, 288, 1152, 144)). Hence
using mod 1153 we have (e, b, ¢, d) = (8,.8, 2, 4) (mod (576, 288,
1152, 576)), so that = wusing —mod 257, (a, b,c,d) = (8, 8,2 4)
(mod (256, 16, 256, 256)). Therefore using mod 512 we conclude
that b =8, 1 + 3¢ = 256 - 5° + 2 - 3?. Using mod 81, ¢ = 2_(mod 54).
Combining the above results and using mod 109 we have (g, ¢, d)
= (8, 2, 4) (mod'27) so that in fact (g, ¢, d) = (8,2, 4) (mod 108).
Hence using ‘mod 163 we ‘get (a, ¢, d) =(8, 2, 4) (mod (162, 108,
162)). Thus using mod 3889 we have (g, ¢, ) = (8, 2, 4) (mod (81,
972, 81)): Therefore using mod 243 we conclude that d =4,
3¢ — 956 - 5° + 161, ¢ > 2. Using mod 125, @ = 88 (mod 100). - This
yields a contradiction mod 101. : S

- Proof of Theorem 25. Using mod 5, a=2 (mod 4). = We
consider three cases. o : . R

. Case 251. - d =0. Then 1+ 3°= 28 5¢ +.2 7 5 Using mod 8,
> 3. Suppose b>3. Using mod 16, e is odd, so- that we have
a- contradiction mod 3. Thus #=3, 1+3*=8-5"+ 2 +5¢. Using
moduli 9, 7 successively we get (@, ¢, e) = (2,0, 0)or (2,4,2)
(mod 6). Hence using mod 13, (@, ¢, e) = (2, 0, 0) (mod (6, 4 4))
so that in fact (g ¢, e) = (2, 0,0) or (2, 4, 8) (mod 12), Thus
using mod 25, @ =10 (mod 20). Therefore using mod 601 we
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conclude that (g, ¢, ) = (2,0, 0) or (29, 4,.8) (mod (75, 12, 12))
Each of these congruences is a contradiction.

Case 252. d =1. Then 1+ 3¢=2%5¢ 46 .5¢ Using mod':8
we conclude that §=2, 1+ 3¢=4.5+6.5¢ Using mod 16,
(2, ) = (2, 0) (mod (4, 2)). Hence using moduli 9, 7 successively
we have (a4, ¢, e)=(2,0,0) or (0, 6, 4) (mod 6), so that using
mod 25, @ = 10 (mod 20). Therefore using mod 13 we get (a, ¢, e)
=(2,0,0) or (0,2 0) (mod (6, 4, 4)) so that in fact (a, ¢, 2)
=(2,0, 0) or (6, 6, 4) (mod 12). Thus using mod 601 we conelude
that (a, ¢, &) = (2, 0, 0) (mod (75, 12, 12)), a contradiction.

Case 253. d = 2. Using mod 9, b = ¢ (mod 6). Further, using
mod 4, 5 > 2. Clearly a> 3. We,consider three subcases.

Subcase 2531. b=2. Then 14 30=4:5°492.3d5¢ Using
mod 16, (2, d, e) = (2, 1, 0) (mod (4, 2, 2)). Applying the above
results and using mod 7 we conclude that {a,c,d e)=(42 1, 2),
(4, 2,38 4) or (4 2,5 0) (mod 6). Combining these results and
using mod 13 we have (g, ¢, 4, ¢) = (4, 2, 5, 2) (mod (6, 4, 6, 4))
so that in -fact (g, ¢, 4, e) = (10, 2, 5, 6) (mod (12, 12, 6, 12)).
Hence wusing mod 27, e¢= 14 {mod 18) so that in fact ¢= 14
(mod 86). Consideration of our equation mod 37 we have the
following possibilities: 3% = 2 . 35+6s 5é+12m (pq 37), n, m=0, 1, 2.
Each of these congruences is a contradiction. :

Subcase 2532. b=3. Then 1+ 39=8.5°+2.345¢ Using
mod 16, (a, 4, ¢) =(2, 0, 0) (mod (4, 2, 2)). Applying the above
results and using mod 7 we conclude that (g, ¢, d, ) = (2, 3, 0, 4),
(2,32 0) or (2, 3 4, 2) (mod 6). Combining these results and
using mod 13 we have (a, ¢, d e)= (2 3 0,2) (mod 16, 4, 6 4))
so that m fact (a, c, d e) =(2, 3 0,10) (mod (12, 12, 6 2.
Hence usmg mod 27, ¢ =3 (mod 18) so that infact ¢ =13 (med 36).
Consideration of our equation mod 37 we have the following
possibilities: 8¢ = 2. 30 510+1m (mod 87), n, m =0, 1, 2. Each of
these congruences is a contradiction. .

- Subcase 2533, b>4:. Using mod 16, : :(a, d,e)=(20, 1)
(mod (4, 2, 2)).  Therefore applying the above results and - using

mod 7 we have.the following table of possibilities. mod 6: -
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Table C.” (a, b, ¢, d, ¢) mod 6.

a b c d e
0 1 1 0 5
0 1 1 2 1
0 1 1 4 3
4 2 2 01
4 2 2 2 3
4. 2 2 4 5
0 4 4 0 3
0 4 4 2 5
0 4 4 4 1
2 4 4 0. 5
2 4 4 2 1
2 4 4 4 3
2 .5 5 7 0. 3
2 5 5 2 5
2 5 5 4 1

Thus using mod 13 we get (a, b, c, d e) (O 7 1 2, D,
0,1,321), (04021, (010,221, (25323) or.
(2, 11, 1, 2, 3) (mod. (6, 12, 4, 6, 4)) so that in fact (e, b, ¢, d, e)

=(6,712 1), . (61721), (6, 4, 4, 2, 5), (6101025)
(2, 5, 11, 2, 11) or (2, 11 5, 2, 11) (mod (12, 12, 12, 6, 12)). . ,

Suppose that (g, b, ¢, 4, e) = (2, 5, 11, 2, 11) or (2, 11, 5, 2 11
(mod (12, 12, 12, 6, 12)). Using mod 25, & = 10 (mod 20) so that
in fact @ =20 (mod 30). Hence using mod 31 we have the following
possibilities: 1+ 5= 2052 4 2 . 32+62 52 (mod 31), = (5, 1, 2; ‘3, 4,
Each of theee congruences is a contradlctlon ’ '

Suppose that (a, b, ¢, d, e) = (6, 4, 4, 2, 5) or (6 10 10, 2, 5)
(mod (12, 12, 12, 6, 12)). Using ‘mod 25, @ = 10 (mod 20) so that
in fact 2 = 0 (mod 30). Hence using mod 31 we have the followmg
possibilities: 2 =5+ 2% + 2. 3#+# 52 (mod 31), =0 /1, 2, 3, 4 Each
of these congruences is a contradiction.

Therefore (a, b, ¢, d. e)=(61721) or 6,7 1,2, 1)
(mod (12, 12, 12, 6, 12)). Suppose ¢>1 and ¢> 1. Using mod 95,
a=10 (mod 20) so that in fact ¢=0 (mod 30). Hence using
mod 31 we have (b, d) = (0,2) (mod (5, 30)), so that using mod 11,
(a, b, ¢, d, e)=1(0,5,1,20) or (0, 5, 3, 2, 3) (mod (30, 10, 5, 30, 5) ).
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Combining the above results “and ‘using mod 41 we have the
following possibilities: 1 + 3%+4 = 25511 1 2.3755 2558 4 2 .3d 58,
52 +2.375° or 215% 4 2.375% (mod 41), #=0, 1. Thus
(a, b,¢,d,e) =(2,511,7,5) or (2,15,1,7,5) (mod (8, 20, 20, 8, 20)),
each of these congruences is a contradiction. Hence ¢ =1 or e = 1.
We will show that ¢>1. Assume the contrary, Then 1 + 34
=5.2"+2.395°. Suppose e>1. Using mod 25, (a, b) = 2,1
or (18, 3) (mod (20, 4)) so that in fact (g, b) = (12, 1) or (18, 3)
(mod (30, 4)). Combining the above results and using mod 31 we
have the following possibilities: 5+ 20 + 10« 32462 =5 or 9 (mod 31),
7=0,1 2, 3 4 Each of these congruences is a contradiction.
Hence e=1,14+32=5.2"4+10-3% Suppose d > 2. Using mod
27, b =13 (mod 18). Thus using mod 19 we have the following
possibilities: 34=5«2% 4 10- 32*%* — 1 (mod 19), # =0, 1, 2. Hence
@ = 2, 16 or 10 (mod 18), each of these congruences is a contradiction.
Therefore d=2,3°=5:2"+89, 5>7. Using mod 128, a=6
(mod 32) so that in fact @ =6 (mod 96) Thus using mod 97,
b=7 (mod 48) so that using mod 257, ‘@ =6 (mod 256) fl‘his
ylelds a contrad1ct10n tod 256, “Hence ¢ >1 C
) Therefore e=11+ 3¢ = 2¥5° + 10 - 37, Us1ng mod’ 25 (a d)
= (2, 0) or (18, 2) (mod (20, 4)) so that in fact (g, d) = (12 O)
or (18, 2) (mod (30, 4)). Hence using mod 31 we have the followmg
possibilities 5+ 2% 4+ 10 +32+62 =5 or .9 (mod 31), ‘= 0 1, 2 3 4
Each of these congruences is a contradwtlon '

" The exponentlal D1ophantme equatlon 1 + 2" = 3%5¢ '+ 2" 3¢ 5f is
solved, with computer assistance, by L.J. Alex [1] The srmllar
eXponent1a1 Diophantine equation 1 + 3% = 20 5¢ + 293¢5/ is. not
easﬂy solved by hand Theorem 22 is.the case c=1f =‘O,‘> 'Theorem
25 is the case d =1. B |
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